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Abstract
Could tidal dissipation within Enceladus’ subsurface ocean account for the observed
heat flow? Earthlike models of dynamical tides give no definitive answer because they
neglect the influence of the crust. I propose here the first model of dissipative tides
in a subsurface ocean, by combining the Laplace Tidal Equations with the membrane
approach. For the first time, it is possible to compute tidal dissipation rates within
the crust, ocean, and mantle in one go. I show that oceanic dissipation is strongly
reduced by the crustal constraint, and thus contributes little to Enceladus’ present
heat budget. Tidal resonances could have played a role in a forming or freezing ocean
less than 100m deep. The model is general: it applies to all icy satellites with a thin
crust and a shallow ocean. Scaling rules relate the resonances and dissipation rate of
a subsurface ocean to the ones of a surface ocean. If the ocean has low viscosity, the
westward obliquity tide does not move the crust. Therefore, crustal dissipation due to
dynamical obliquity tides can differ from the static prediction by up to a factor of two.
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1 Introduction
Ten years of Cassini flybys have provided incontrovertible evidence for an underground wa-
ter reservoir at Enceladus’ south pole: geysers of water vapor and ice crystals [Porco et al.,
2006]; detection of ammonia [Waite et al., 2009] and salt-rich ice grains in the plume
[Postberg et al., 2011]; compensation of the gravity signal [Iess et al., 2014]; hydrothermal
activity [Hsu et al., 2015]. Measurements of large librations now suggest that this liquid
layer forms a global ocean and that the crust is not thicker than one-tenth of the surface
radius [Thomas et al., 2016].
Tides probably play a major role in Enceladus’ geological activity, both as a source
of the anomalous heat detected at the south pole [Howett et al., 2011] and as a trigger
for the opening and closing of the tiger stripes from which geysers erupt [Hedman et al.,
2013; Nimmo et al., 2014]. In icy satellites, the term ‘tides’ usually refers to ‘solid tides’,
i.e. periodic crustal deformations due to the varying gravitational potential. Of course,
fluid tides simultaneously occur in the subsurface ocean. Fluid tides differ from solid tides
because dynamical effects due to fluid motion can be very large (if not, one speaks of static
or equilibrium tide). Oceanic dissipation, however, is usually neglected because obliquity
tides, which dissipate much more energy in a deep ocean than eccentricity tides [Tyler ,
2009, 2011], are suppressed by the small obliquity allowed in the current Cassini state
[Chen and Nimmo, 2011; Baland et al., 2016]. Nevertheless, Matsuyama [2014] and Tyler
[2014] recently argued that resonant eccentricity tides could heat Enceladus up to the
observed level even if the ocean is more than one kilometer thick. A shallow global ocean
has indeed a resonant response to tidal forcing for specific values of the forcing frequency
or ocean depth.
Until now, dynamical ocean tides in icy satellites have been studied with the same
Laplace Tidal Equations (LTE) that are used for Earth’s tides. That model implies a
surface ocean, making it impossible to assess the impact of the crust on tides. Examples
of this approach are the studies of Tyler [2008, 2009, 2011, 2014], Chen et al. [2014], and
Matsuyama [2014]. Crustal effects, however, are substantial in small and mid-size icy
satellites. Their magnitude can be estimated with a toy model in which the satellite does
not rotate. Since this model does not break spherical symmetry, tidal deformations are
fully characterized by the dynamical Love numbers, which can be computed with analytical
or numerical methods [Beuthe, 2015b; Kamata et al., 2015]. I will not describe the results
of the latter paper since they can easily be reproduced with the earlier formulas of Beuthe
[2015b]. The main result is that the radial displacement (described by the Love number hT2 )
diverges if the ocean is very shallow because of a resonance due to a surface gravity mode,
similar to the one predicted by Laplace more than 200 years ago [Lamb, 1945]. A similar
approach is taken by Wunsch [2016] who computes tides in a non-rotating ‘snowball’ Earth
assuming Cartesian LTE coupled to an elastic membrane.
In its simplest version, the non-rotating model involves three layers: an infinitely rigid
mantle (or core), a homogeneous ocean of thickness (or depth) D, and an elastic crust of
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thickness d and outer radius R, having the same density as the ocean. If the crust is thin
(d/R . 5− 10%), the resonant ocean depth (or thickness) for tides of degree two is given
by Eq. (123) of Beuthe [2015b]:
Dres =
qωR
6
1
1− ξ2 +Re(ΛM2 )
, (1)
where qω is the dynamical parameter of Table 1. The degree-two density ratio ξ2 =
(3/5)(ρ/ρb) represents oceanic self-attraction (ξ2 ≈ 0.373 for Enceladus). The membrane
spring constant ΛM2 quantifies the resistance of the crust to deformation: Λ
M
2 ≈ 245(d/R)
if Enceladus’ crust is elastic (Eq. (B.6)). Thus, self-attraction increases the resonance
depth of a surface ocean by 60% (1/(1 − ξ2) ≈ 1.6), as found by Matsuyama [2014] for
the largest tidal resonance. On the other hand, the elastic crust strongly decreases the
resonance depth unless crust thickness is less than, say, 100m. If the crust is viscoelastic,
the membrane spring constant is approximately ΛM2 ≈ 2(µ¯/ρgR)(d/R), where µ¯ is the
effective shear modulus of the crust (µ¯ is complex and smaller in absolute value than the
elastic shear modulus). Thus, the magnitude of crustal effects sensitively depends on the
reduced shear modulus (µ¯/ρgR) and on the relative crust thickness (d/R). Large moons
such as Europa and Titan have higher surface gravities and larger radii, so that crustal
effects are smaller on these bodies than on Enceladus.
The non-rotating model gives an idea of what to expect, but does not provide accurate
predictions because tides cannot be dissociated from rotation. For Enceladus as for other
synchronously rotating satellites, the rotation frequency is equal to the forcing frequency of
the dominant eccentricity or obliquity tides. The effect of synchronous rotation is twofold:
(1) the unique resonance at D = Dres is split into an infinite series of surface gravity
modes, and (2) the ocean has a specific response, called the westward obliquity tide, which
is proportional to the obliquity. While the westward obliquity tide is probably irrelevant
to Enceladus (due to its small obliquity), it could be important for other icy satellites. I
will thus examine whether it still occurs under an elastic crust.
In this paper, I explain how to write and solve LTE for a subsurface ocean. Interest-
ingly, the crust shifts the resonances in the same way in the rotating and non-rotating
models. More generally, I will show that the energy spectrum and the dissipation rate
scale with the crust in a very simple manner. In the modified LTE, the crust is modelled
as a viscoelastic membrane and the mantle as a deformable body; dynamical effects are
neglected in the crust and mantle. For the first time, it is possible to compute the dissi-
pation rate simultaneously in the crust and ocean; mantle dissipation is also computable,
but it is negligible. The new formalism is sufficiently general to be applicable to any syn-
chronously rotating satellite having a spherically symmetric structure, a thin crust, and a
shallow ocean.
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Table 1: Orbital and bulk parameters of Enceladus.
Parameter Symbol Definition Value Unit
Mean eccentricitya e - 0.0047 -
Obliquityb I - 4× 10−4 degree
Rotation ratec Ω - 5.307× 10−5 s−1
Surface radiusd R - 252.1× 103 m
GMe GM - 7.2104× 109 m3 s−2
Bulk densityf ρb GM/(GV ) 1610 kgm
−3
Surface gravity g GM/R2 0.113 m s−2
Dynamical parameterg qω ω
2R3/GM 6.26× 10−3 -
a Porco et al. [2006].
b Theoretical upper bound [Baland et al., 2016].
c JPL satellite ephemerides (http://ssd.jpl.nasa.gov/).
d Radius of the sphere of equivalent volume [Thomas , 2010].
e Table S3 in Iess et al. [2014].
f G = 6.674× 10−11 m3kg−1s−2; V is the spherical volume.
g ω is the tidal forcing frequency; ω = Ω if synchronous rotation.
2 Laplace Tidal Equations (LTE)
The Laplace Tidal Equations (LTE) are the approximate equations of motion for a shallow
ocean of uniform depth on a rotating spherical body. Underlying assumptions are reviewed
by Hendershott [1981] (part of the MIT open course ‘Evolution of Physical Oceanography’
available at http://ocw.mit.edu) while the LTE are derived from Navier-Stokes equations
in Hendershott [2005]. I assume in this paper that the ocean is shallow and homoge-
neous. One should keep in mind, however, that the LTE also hold for a deep ocean if it
is stratified in density. In that case, the ocean depth is replaced in the LTE by a smaller
‘equivalent depth’ whose size depends on the density profile [Hendershott , 1981, 2005;
Tyler , 2011]. The associated resonant depths do not correspond to the real depth of the
ocean, but should rather be seen as dynamical parameters which can only be related to
the geometric depth if the density stratification is known. On the other hand, the hy-
drothermal activity inferred within Enceladus [Hsu et al., 2015] may cause turbulent con-
vection and destroy density stratification [Thomson and Delaney , 2001; Goodman et al.,
2004; Goodman and Lenferink , 2012; Soderlund et al., 2014]. Another implicit assumption
is that the top and bottom boundaries of the ocean are spherical in absence of tides. In
other words, the topography of the seafloor and crust-ocean interface does not fundamen-
tally alter the flow.
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Table 2: Parameters of interior model
Parameter Symbol Definition Value Unit
Ocean depth (or thickness) D - 1− 105 m
Density of ice and oceana ρ - 1000 kg/m3
Shear modulus of elastic mantlea µm - 4× 1010 Pa
Shear modulus of icea (elastic value) µE - 3.5× 109 Pa
Poisson’s ratio of icea νE - 0.33 -
Ocean-to-bulk density ratio ξ1 ρ/ρb 0.621 -
Reduced shear modulus of ice µˆE µE/(ρgR) 122.86 -
a Values taken from Beuthe [2015a].
2.1 General form of the LTE
The LTE for a surface ocean including self-attraction and solid-body deformation were first
written by Hendershott [1972]:
∂
∂t
u+ 2Ω× u = −1
ρ
∇p+ F(u) ,
∂
∂t
η +D∇ · u = 0 . (2)
The variables characterizing fluid motion are the depth-averaged horizontal velocity vec-
tor u and the radial tide η. The latter is defined as the difference between the radial
displacements of the top and bottom of the ocean:
η = ηtop − ηbot . (3)
The operators ∇ and ∇· denote the surface gradient and divergence. The parameter D is
the uniform depth of the ocean if the tidal perturbation is turned off. If there is a crust,
‘ocean depth’ denotes the thickness of the ocean layer. The parameter Ω = Ωcos θ rˆ is the
radial component of the rotation vector. In the right-hand side of the LTE, −∇p/ρ is the
LTE forcing term while F(u) is the dissipative stress. The parameter ρ is the density of
the crust and ocean.
The LTE forcing term is the surface gradient of a pressure-like potential p defined by
p = ρg
(
ηtop − Γ/g)+ q , (4)
where Γ is the sum of all tide-producing potentials (or total perturbing potential) while
q is the pressure at the top of the ocean, for example due to the atmospheric tide (q is
positive inwards). For a surface ocean, q is usually set to zero because atmospheric tides
on Earth have a negligible effect on ocean tides [Marchuk and Kagan , 1984]. The term
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(ηtop − Γ/g) represents the elevation of the water level above the tidally perturbed geoid
Γ/g. When the fluid acceleration and the pressure q are both negligible, the water level
adjusts itself to the geoid and the LTE forcing term vanishes: this is the equilibrium tide
(see Section 2.3).
In this paper, the dissipative stress is proportional to the velocity so that the LTE can
be solved with linear methods:
F(u) = −αu+ ν∇2u , (5)
where α is the linear (top and bottom) drag coefficient and ν is the Navier-Stokes viscosity
(not to be confused with Poisson’s ratio νE). The vector Laplacian ∇2u is restricted to
its tangential components [Arfken et al., 2013]. More realistically, top and bottom drag in
shallow water should be modelled as a quadratic term (e.g. Jayne and St. Laurent [2001];
Egbert and Ray [2001]):
F(u) = −cD
D
|u|u , (6)
where cD is an empirical coefficient usually set to 0.002 − 0.003 for oceans on Earth
(Sohl et al. [1995] discuss other values which may be relevant to Titan). This value can
be doubled if drag also occurs at the top of the ocean [Tyler , 2014]. LTE with non-
linear dissipation should be solved numerically on a grid, as done by Sears [1995] and
Chen et al. [2014]. Besides the quadratic term, recent Earth tidal models include a lin-
ear term describing internal wave generation over rough topography in the deep ocean
[Jayne and St. Laurent , 2001; Egbert and Ray , 2001]; this is a subject of ongoing research
[Green and Nycander , 2013]. The magnitude of this process depends on the amplitude and
wavelength of topography and on the density stratification within the ocean. On Earth,
‘deep ocean’ means a depth of a few kilometers, thus a ratio D/R ≈ 10−3. On Enceladus,
the same ratio corresponds to a depth of about 250m so that the subsurface ocean is deep
in that sense. In short, we don’t know which dissipation mechanism is most relevant to
Enceladus and what could be its magnitude.
2.2 Tidal potential
Although it arises from various sources, the total perturbing potential Γ ultimately depends
on the external tidal potential UT : Γ = 0 if UT = 0. Suppose that there is only one tidal
forcing frequency ω, chosen to be positive, which may a priori differ from the rotation rate
Ω. The external tidal potential can be written as
UT (t, θ, ϕ) =
1
2
∞∑
n=2
UTn (θ, ϕ) e
iωt + c.c. , (7)
where c.c. denotes the complex conjugate. UTn (θ, ϕ) is an eigenfunction of the Laplacian of
harmonic degree n and can thus be expanded in spherical harmonics Y mn (θ, ϕ) of degree n
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and order m (Appendix A). As dynamical tides depend on the direction of the tidal wave,
UTn (θ, ϕ) is further decomposed into westward (W) and eastward (E) components:
UTn (θ, ϕ) =
∑
m=0,1,2
(
UmnW Y
m
n (θ, ϕ) + U
m
nE Y
m∗
n (θ, ϕ)
)
. (8)
If m = 0, this decomposition is just a matter of convenience because a zonal tidal wave is
a standing wave: U0nW = U
0
nE for all n.
Contrary to Chen et al. [2014] and Matsuyama [2014], I do not define the eastward
component as the coefficient of Y mn e
−iΩt, but rather as the coefficient of (Y mn e
−iΩt)∗. Thus
synchronous rotation implies ω = Ω whatever the direction of the tide. My choice is
justified by a complication due to crustal viscoelasticity: viscoelastic corrections are the
same for westward and eastward components if the Fourier transform is identical for the two
components. Choosing the convention of Chen et al. [2014] and Matsuyama [2014] would
force me to complex-conjugate the viscoelastic terms associated with eastward components.
The potential for eccentricity tides (eccentricity e) and obliquity tides (obliquity I) is
given in Tyler [2011], Beuthe [2013] (no Condon-Shortley phase), and Chen et al. [2014]
(potential of opposite sign). As eccentricity and obliquity tides are usually treated sep-
arately, I arbitrarily fix the phase between the eccentricity and obliquity components as
in Tyler [2011]. The westward and eastward components are given in Table 3. I do not
follow Tyler [2011] and Chen et al. [2014] in calling the component U02X the ‘radial’ tide
because variations in the semi-major axis also generate tidal components of order two. In
this paper, the term ‘radial tide’ refers to the radial displacement η (Eq. (3)).
Table 3: Westward and eastward components of the tidal potential of degree two for eccentricity
(e) and obliquity (I) tides if the body is in synchronous rotation. If the spherical harmonics are
normalized (Eq. (A.3)), (N02 , N
1
2 , N
2
2 ) = (
√
5/4π,
√
5/24π,
√
5/96π). If not, Nmn = 1.
Westward (X =W ) Eastward (X = E)
U02X (ΩR)
2e (−3/4)/N02 (ΩR)2e (−3/4)/N02
U12X (ΩR)
2 sin I (−1/2)/N12 (ΩR)2 sin I (−1/2)/N12
U22X (ΩR)
2e (−1/8)/N22 (ΩR)2e (7/8)/N22
In the static limit, the whole-body dissipation rate due to a tidal potential of degree n
is proportional to U sqn , the surface average of the squared norm of UTn (see Eqs. (35) and
(41) of Beuthe [2013]). This term also appears in the whole-body dissipation rate including
dynamical ocean tides (Eq. (H.4)) and is equal to
U sqn =
1
4π
∫
S
|UTn (θ, ϕ)|2 sin θ dθ dϕ
=
1
4π
2∑
m=0
(1 + δm0)
∑
X=E,W
|UmnX |2 . (9)
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Using Table 3, one can check that U sq2 = (ΩR)
4(21/5)e2 for eccentricity tides, while U sq2 =
(ΩR)4(3/5) sin2 I for obliquity tides.
2.3 Surface ocean and rigid mantle
Consider an infinitely rigid mantle which does not deform under tidal loading (ηbot = 0).
Let Γn, U
T
n , and ηn be the components of degree n in the spherical harmonic expansions
of Γ, UT , and η, respectively (as in Eq. (7)). These components are related by
Γn = U
T
n + g ξn ηn , (10)
where the degree-n density ratio is given by
ξn =
3
2n+ 1
ρ
ρb
. (11)
The second term of Eq. (10) is the gravitational contribution due to the change in ocean
depth [Kaula, 1968, Eq. (2.1.25)], also called self-attraction. Self-attraction is a significant
correction which was already considered by Hough [1898] and Lamb [1945]. It accounts for
nearly all the difference between the results of Matsuyama [2014] and those of Tyler [2011]
and Chen et al. [2014].
Combining Eqs. (3), (4) and (10), I can write the degree-n component of the LTE
forcing term for a surface ocean above a rigid mantle as
pn/ρ = (1− ξn) g ηn − UTn . (12)
The equilibrium tide is defined as the ocean tide in the limit of negligible fluid acceleration
and dissipation, which is equivalent to setting pn = 0. The equilibrium tide is usually
written in terms of a nondimensional admittance Zn,
ηn = Zn
UTn
g
, (13)
where Zn = 1/(1 − ξn) for the simple model considered here.
2.4 Subsurface ocean and rigid mantle
2.4.1 Enceladus as a membrane world
On icy satellites, global oceans are always covered by an icy shell which exerts inward
(resp. outward) pressure on the ocean where there is a tidal bulge (resp. depression). The
equations of motion of the fluid should thus be modified so as to include this force. The
minimum change consists in modelling the crust as a massless membrane of zero thickness
but finite rigidity. The membrane or thin shell approximation is valid for shells whose thick-
ness is less than five to ten percents of the surface radius. Librations of large amplitude
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imply that Enceladus’ crust is 14 to 26 km thick [Thomas et al., 2016; Van Hoolst et al.,
2016]. It is thus reasonable to model Enceladus’ crust as a thin shell, although the approxi-
mation will not be as good as for Europa and Titan. The massless membrane approach has
been thoroughly validated for tidal deformations (including tectonics) and tidal dissipation
[Beuthe, 2015a]. In particular, it predicts the tidal Love numbers (kT2 , h
T
2 ) of Europa and
Titan with an error less than one percent if the crust thickness is less than five percents of
the surface radius. This approach has the great advantage that it takes into account the
dependence on depth of crustal viscoelasticity, which markedly differs between conductive
and convective crusts. Crustal rheology appears through effective viscoelastic parameters
which have been rigorously defined in the framework of thick shell theory taken in the mem-
brane limit [Beuthe, 2015b]. In the same paper, the membrane approach has been extended
to models with crust-ocean density contrasts. Membrane formulas are implemented in the
Mathematica notebook MembraneWorlds.nb with numerous examples (available from the
author or at http://library.wolfram.com, subject class Science/Geology and Geophysics).
The reduced shear modulus of Enceladus is much larger than the one of Europa and
Titan, so that elasticity plays a much greater role than self-gravitation in tidal deformations
(see Section 1). In that case, does the membrane approximation generate a much larger
error for Enceladus than for Europa and Titan? I will start by estimating the effect of
finite crust thickness on static tides before considering its impact on dynamical tides in the
non-rotating model. Fig. 1 shows a comparison of membrane and thick shell predictions
for the radial displacement of the surface, as measured by the Love number h2 (computed
with the static propagator matrix method [Sabadini and Vermeersen , 2004]). The satellite
is modelled as a three-layer body made of an infinitely rigid mantle, an ocean, and an
incompressible elastic crust with shear modulus equal to 3.5GPa (Table 2). The total
thickness of the H2O layer (ocean plus crust) is 60 km. Membrane estimates are computed
with crust and ocean densities equal to 1020 kg/m3 (Eq. (1)). Thick shell predictions are
computed with crust and ocean densities equal to 930 kg/m3 and 1020 kg/m3, respectively.
In panel A, the crust is conductive and fully elastic so that the lithosphere makes up the
whole crust. The error due to the membrane approximation is less than ten percents if the
crust is thinner than 28 km. In panel B, the crust is viscoelastic, with an elastic top layer
(stagnant lid or lithosphere) making up the top tenth of the crust, while the bottom layer
is convective with a shear modulus equal to one hundredth of its elastic value. The error
due to the membrane approximation is much smaller than in the fully elastic case, being
less than five percents if the crust is thinner than 31 km. The accuracy of the membrane
approach thus depends on crustal rheology. An error of ten percents is perfectly acceptable
given that most parameters of the interior model are poorly known.
Consider now dynamical tides in the three-layer non-rotating model described in Sec-
tion 1. Fig. 2 shows the resonant depth as a function of the crust thickness. The solid
curve shows the membrane prediction (Eq. (1)) while the dashed curve shows the thick shell
prediction made with the dynamical homogeneous crust model (see Appendix E of Beuthe
[2015b] or MembraneWorlds.nb). Crust and ocean densities are equal to 1020 kg/m3. The
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Figure 1: Membrane versus thick shell predictions of the equilibrium tide: (A) h2 if the lithosphere
and crust coincide, (B) h2 if the lithosphere makes up one tenth of the crust thickness. Dashed
(resp. solid) black curves show membrane (resp. thick shell) predictions. Gray curves show the
relative error between the two. See Section 2.4.1 for details.
error due to the membrane approximation is less than ten percents if the crust is thinner
than 7 km. Beyond this threshold, the resonant depth becomes so small that it is physically
irrelevant anyway.
2.4.2 LTE-membrane approach
Suppose that the crust is thin (d/R . 0.1 where d is the crust thickness and R the surface
radius) and that the crust and the ocean have the same density ρ. As before, the mantle is
infinitely rigid. With these assumptions, the effect of the crust can be very simply included
in the LTE by modifying the pressure at the top of the ocean (q term in Eq. (4)). The
crust-ocean interface is modelled as a solid-liquid boundary. The tangential stresses exerted
by the ocean on the crust are set to zero because their effect on crustal deformations is
negligible.
By Newton’s third law, the pressure exerted by the crust on the ocean (positive inwards)
is equal to the bottom load exerted by the ocean on the crust (positive outwards). Let
qn and η
top
n be the components of degree n in the spherical harmonic expansions of q and
ηtop, respectively (as in Eq. (7)). In the membrane approximation, the load is related to
the radial deformation of the crust by Hooke’s law (Eq. (B.5)),
qn = ρgΛ
M
n η
top
n . (14)
The membrane spring constant ΛMn is a nondimensional parameter characterizing the ex-
tensional response of the crust defined by Eq. (B.6). It is proportional to the effective shear
modulus µ¯ and to the crust thickness d; it also depends on the effective Poisson’s ratio ν¯
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Figure 2: Membrane versus thick shell predictions of resonant depths (non-rotating model). Solid
and dashed black curves show the membrane and thick shell predictions, respectively. The gray
curve shows the relative error between the two. See Section 2.4.1 for details.
but this does not cause much variation in ΛMn . If the crust is viscoelastic with depth-
dependent rheology, µ¯ is smaller than the elastic shear modulus µE by a factor depending
on the viscosity of ice and on the rheology model (see Fig. 2 of Beuthe [2015a] and Fig. 3
of Beuthe [2015b]). Note that the effective viscoelastic parameters (µ¯, ν¯) do not vary with
depth: they are defined for the whole crust so that we can solve the viscoelastic equations
as if crustal viscoelasticity were uniform [Beuthe, 2015a,b].
The membrane approximation is valid if the deformation is of long wavelength (see
below). While ocean tides are predominantly of long wavelength, they also include short-
wavelength components. It is thus a priori safer to consider the short-wavelength response
of the crust, though we will see that it is negligible if the ocean is deeper than a few meters.
If membrane and bending responses are both included, Hooke’s law takes the form of
qn = ρgΛn η
top
n , (15)
where the thin-shell spring constant Λn is defined by
Λn = Λ
M
n + Λ
B
n . (16)
The bending spring constant ΛBn is a nondimensional parameter characterizing the bending
response of the crust (Eq. (B.9)). Bending effects are significant if ΛBn & Λ
M
n , which occurs
if
n & κ
√
R/d , (17)
where κ = (12(1 − ν2E))1/4 ≈ 1.8. For example, bending becomes significant for n & 18
if d = 2.5 km. In Section 4.2, I will show that the dominant components of the ocean
response are of low harmonic degree, so that the crust mainly deforms as a membrane. In
this paper, I will neglect ΛBn when the crust is viscoelastic with depth-dependent rheology.
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The LTE forcing term in an ocean sandwiched between a rigid mantle and a flexible
crust follows from Eqs. (4), (12) and (15):
pn/ρ = (1− ξn + Λn) g ηn − UTn . (18)
The equilibrium tide admittance (see Eq. (13)) is here
Zn =
1
1− ξn + Λn . (19)
If n = 2, this expression is identical to the radial Love number of the rigid mantle model
(Eq. (F.2)) because the ocean tide is equal to the radial displacement of the crust if the
mantle is infinitely rigid.
2.5 Subsurface ocean and nonrigid mantle
2.5.1 Tidal, load, and pressure Love numbers
If the mantle is not infinitely rigid, one should compute the displacement of the mantle-
ocean boundary (ηbot) as well as the gravitational perturbation associated with it. For
a surface ocean, Hendershott [1972] parameterizes these quantities with the tidal Love
numbers (kTn , h
T
n ) and the load Love numbers (k
L
n , h
L
n) of the solid body without ocean
(see also Hendershott [1981]). The tidal forcing consists of the tidal potential UTn while
the mass-load forcing results from the surface density σn = ρηn, which can be replaced
by a mass-load potential ULn (see Appendix C). For a subsurface ocean, one also needs
the pressure Love numbers of the solid body [Molodenskiy , 1977; Guo et al., 2004]. These
numbers describe the response of the body to the surface pressure exerted by the membrane
(Eq. (15)), which can be replaced by a pressure potential UPn . In Appendix E, I show that
pressure Love numbers are linear combinations of tidal and load Love numbers: kPn = −hTn
and hPn = h
L
n − hTn .
In terms of forcing potentials, the total perturbing potential reads
Γn =
(
1 + kTn
)
UTn +
(
1 + kLn
)
ULn + k
P
n U
P
n . (20)
The last term differs from the first two because pressure has no direct gravitational effect.
Eqs. (C.3) and (E.1) yield ULn = gξnηn and U
P
n = gξnΛnη
top
n where ξn is given by Eq. (11).
The total perturbing potential can thus be written as
Γn =
(
1 + kTn
)
UTn + g ξn
((
1 + kLn
)
ηn + k
P
n Λn η
top
n
)
. (21)
Similarly, the degree-n component of the displacement of the mantle-ocean boundary
reads
ηbotn =
1
g
(
hTn U
T
n + h
L
n U
L
n + h
P
n U
P
n
)
, (22)
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which can be expressed as
ηbotn = h
T
n U
T
n /g + ξn
(
hLn ηn + h
P
n Λn η
top
n
)
. (23)
Combining this expression with Eq. (3), I write the displacements of the top and bottom
of the ocean in terms of the external tidal potential UTn and the radial tide ηn:
ηtopn =
hTn U
T
n /g +
(
1 + ξn h
L
n
)
ηn
1− ξn hPn Λn
, (24)
ηbotn =
hTn U
T
n /g + ξn
(
hLn + h
P
n Λn
)
ηn
1− ξn hPn Λn
. (25)
2.5.2 LTE forcing term
The LTE forcing term (Eq. (4)) can now be expressed in terms of UTn and ηn:
pn/ρ = βn g ηn − υn UTn , (26)
where the coefficients multiplying the radial tide and the potential are defined as
βn = 1− ξnγLn + Λn + δΛn ,
υn = γ
T
n + δγ
T
n . (27)
The symbols (γTn , γ
L
n ) denote the diminishing (or tilt) factors of classical geodesy (see
Eq. (C.9)). If the mantle is infinitely rigid, γTn = γ
L
n = 1. The corrections due to crust-
mantle coupling are negative numbers (see Fig. 3) given by
δΛn = −
(
1−
(
1 + ξn h
L
n
)2
1 + ξn (hTn − hLn) Λn
)
Λn ,
δγTn = −
(
1 + ξnh
L
n
1 + ξn (hTn − hLn)Λn
hTn
)
Λn , (28)
where I used relations between Love numbers (Eqs. (C.8)-(C.10) and (E.5)). These correc-
tions vanish if the crust is fluid-like (Λn = 0) or if the mantle is infinitely rigid (h
T
n = h
L
n =
0). The equilibrium tide admittance (see Eq. (13)) is here
Zn =
υn
βn
. (29)
As a first consistency check, I will compute the equilibrium tide of degree two in a simple
but nontrivial example. The core-mantle system is approximated as an incompressible
homogenous sphere, with Love numbers given by Eqs. (D.1)-(D.3). Substituting these
formulas into Eq. (C.9) and Eqs. (27)-(29), I get
Z2 =
57µˆm + 5 (5ξ2 − 3) Λ2
2 (3− 5ξ2) + 57 (1− ξ2 + Λ2) µˆm + (6 + 5ξ2 (1− 5ξ2)) Λ2 . (30)
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Figure 3: Crust-mantle coupling corrections to the LTE forcing term: δΛ2/Λ2 and δγ
T
2 /γ
T
2 as
defined by Eq. (28). The mantle is approximated as an incompressible homogenous sphere which
has either the rigidity of silicates (µm = 40GPa, solid lines), or the rigidity of ice (µm = 3.5GPa,
dashed lines).
This expression agrees with the result of the static propagator matrix method in the limit
of a thin crust and shallow ocean (Eq. (F.5)). It also agrees with Eq. (19) in the rigid
mantle limit (µˆm →∞).
Let us now check the limit of a surface ocean. If crustal rigidity vanishes, the LTE
forcing term (Eq. (26)) reduces to the well-known formula for a surface ocean,
pn/ρ =
(
1− ξn γLn
)
g ηn − γTn UTn . (31)
This forcing term is used in numerical models of ocean tides on Earth [Hendershott ,
1981; Egbert and Ray , 2001] and on icy satellites [Matsuyama , 2014]. The correspond-
ing equilibrium tide admittance, Zn = γ
T
n /(1 − ξnγLn ), agrees with Dahlen [1976] and
Agnew and Farrell [1978].
Fig. 3 shows the magnitude of the crust-mantle coupling corrections as a function of
crust thickness. The mantle is approximated as an incompressible homogenous sphere. For
a silicate-rich mantle (µM = 40GPa, solid curves), the relative corrections are less than
1% (if d/R < 10%), whereas they are ten times larger in the unlikely case of a very soft
mantle (µM = 3.5GPa, dashed curves). Therefore, it is a very good approximation to treat
Enceladus’ mantle as an infinitely rigid layer.
3 Solving LTE
Following Love [1913] and many others, I write the LTE in terms of scalar potentials
(Helmholtz decomposition) before expanding them in spherical harmonics. The method
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of solution is well-known so that we can dispense with detailed derivations. I quote the
resulting formulas, however: partly because of the new crustal effects, and partly because
of the new convention chosen for eastward and westward waves (Section 2.2). The standard
reference for the normal modes analysis is Longuet-Higgins [1968] with typos detailed by
Tyler [2011] but our problem also includes the tidal forcing and dissipation terms required
in ocean tidal models (e.g. Tyler [2011]).
3.1 Scalar equations
On the surface of a sphere, the fluid velocity can always be expressed in terms of two scalar
potentials:
u = ∇Φ+∇× (Ψrˆ) . (32)
Φ is sometimes called the consoidal potential while Ψ is the toroidal potential or stream
function. In spherical coordinates (colatitude θ, eastern longitude ϕ), the velocity com-
ponents are uθ = (∂θΦ + ∂ϕΨ/ sin θ)/R and uϕ = (∂ϕΦ/ sin θ − ∂θΨ)/R. After standard
manipulations, the LTE (Eq. (2)) become three scalar equations:
L0Φ+ 2ΩL1Ψ = −1
ρ
∆p , (33)
L0Ψ− 2ΩL1 Φ = 0 , (34)
∂
∂t
η +
D
R2
∆Φ = 0 , (35)
where ∆ is the spherical Laplacian (Eq. (A.4)). In spherical coordinates, the operators L0
and L1 are given by
L0 =
(
∂
∂t
+ α− ν
R2
∆
)
∆+ 2Ω
∂
∂ϕ
,
L1 = cos θ∆− sin θ ∂
∂θ
. (36)
L0 does not change the degree of a spherical harmonic, whereas L1 changes it by one unit.
3.2 Spherical harmonic expansion
Now that the LTE are in a scalar form, the velocity potentials can be Fourier-transformed
and expanded in spherical harmonics of degree n and order m. Projection on complex-
conjugated spherical harmonics then yields an infinite number of coupled linear equations.
The harmonic order m takes a definite value (always positive); the general solution follows
by superposition. The spherical harmonic expansion of the consoidal velocity potential
reads
Φ =
1
2
∞∑
n=m
(
Φ˜mnW Y
m
n (θ, ϕ) + Φ˜
m
nE Y
m∗
n (θ, ϕ)
)
eiωt + c.c. , (37)
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where c.c. denotes the complex conjugate. For synchronous rotation, ω = Ω whatever the
direction of the tide. Ψ and η are similarly expanded in Ψ˜mnX and η˜
m
nX .
In order to obtain real equations in the inviscid limit (and simplify the notation at the
same time), let us define (e.g. Kasahara [1976])
Φ˜mnX = iΦ
m
nX ,(
Ψ˜mnX , η˜
m
nX
)
=
(
ΨmnX , η
m
nX
)
. (38)
The LTE for vertical equilibrium (Eq. (35)) yields an equation for the radial tide:
ηmnX =
D
ωR2
n(n+ 1)ΦmnX . (39)
Combining this equation with Eq. (26), I eliminate the radial tide η in the tangential LTE
(Eqs. (33)-(34)). This procedure yields an infinite system of equations for the spherical
harmonic components of the velocity potentials:
qmn−1Ψ
m
n−1,X +K
m
nX Φ
m
nX + p
m
n+1Ψ
m
n+1,X =
υn
2Ω
UmnX ,
qmn−1Φ
m
n−1,X + L
m
nX Ψ
m
nX + p
m
n+1Φ
m
n+1,X = 0 , (40)
which hold for n ≥ m, it being understood that Ψmm−1,X = Φmm−1,X = 0 (recall that m is
fixed). Besides, n ≥ 1 if m = 0 (constant potentials do not contribute to Eq. (32)).
The diagonal coefficients of Eq. (40) read
LmnX = −λ±
m
n(n+ 1)
+
i
4Qn
, (41)
KmnX = L
m
nX +
n(n+ 1)βn
λ ǫL
. (42)
In Eq. (41), the sign ‘plus’ holds for westward tides (X = W ) and the sign ‘minus’ for
eastward tides (X = E). The nondimensional tidal quality factors Qn are defined by
1
Qn
=
2
Ω
(
α+ n(n+ 1)
ν
R2
)
. (43)
If ν = 0, all Qn are equal to the effective tidal quality factor Q = ΩEkin/E˙ of Tyler [2011,
2014] and Chen et al. [2014]. If α = 0, Q1 is the same as the factor Qobl,W of Chen et al.
[2014]. Tides are weakly (resp. strongly) damped by ocean viscosity if Qn ≫ 1 (resp.
Qn ≈ 1).
In Eq. (42), βn includes the effects of self-attraction, mantle deformat ion, and crust
rigidity (see Eq. (27)). λ and ǫL are the nondimensional frequency and Lamb parameter,
respectively:
λ =
ω
2Ω
=
1
2
, (44)
ǫL =
4Ω2R2
gD
= 4qω
R
D
. (45)
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In each line, the second equality holds for synchronous rotation (qω is defined in Table 1).
For Enceladus, ǫL ≈ 1 if D ≈ 6.4 km.
The nondiagonal coefficients (pn, qn) of Eq. (40) depend on the spherical harmonic
normalization (see Eq. (A.3)). If the basis is normalized (e.g. Chen et al. [2014]), then
(pmn , q
m
n ) =
(
n+ 1
n
Cmn ,
n
n+ 1
Cmn+1
)
, (46)
where
Cmn =
√
n2 −m2
4n2 − 1 . (47)
If the basis is not normalized (e.g. Longuet-Higgins [1968]), then
(pmn , q
m
n ) =
(
n+ 1
n
n+m
2n+ 1
(1− δmn) , n
n+ 1
n−m+ 1
2n+ 1
)
, (48)
where I inserted the factor (1 − δmn) so that pnn = 0 as in the normalized case (this
modification does not affect Eq. (40)). Both definitions (Eqs. (46) and (48)) thus satisfy
pmm = q
m
m−1 = 0 . (49)
3.3 Matrix solution
In practice, the system formed by Eq. (40) is truncated at degree N and written in matrix
form. If the matrices are nonsingular, the solution is regular and is found by inverting
the linear system. In general, Φ and Ψ are superpositions of spherical harmonics of all
degrees n ≥ m, although a selection rule eliminates half the components for a forcing of
given degree and order. Indeed, Eq. (40) is made of two independent systems [Hough, 1898;
Longuet-Higgins, 1968; Kasahara , 1976], each for one half of the variables:
1. symmetric case: the variables are (ΦmmX ,Ψ
m
m+1,X ,Φ
m
m+2,X ,Ψ
m
m+3,X , ...), from which
Φ00X is dropped if m = 0. Motion is mirrored with respect to the equatorial plane,
and there is no motion across the equator.
2. antisymmetric case: the variables are (ΨmmX ,Φ
m
m+1,X ,Ψ
m
m+2,X ,Φ
m
m+3,X , ...), from which
Ψ00X is dropped if m = 0. Motion at the equator is normal to the equator.
The matrices associated with the two cases can be found in Longuet-Higgins [1968] (see
his Eqs. (3.23)-(3.24)). The components of the external tidal potential with even n −m
(eccentricity tides) and odd n − m (obliquity tides) are sources for the symmetric and
antisymmetric systems, respectively. If the external tidal potential is of degree two, only
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three possibilities remain: symmetric if m = 0 or 2, antisymmetric if m = 1. I gather the
three cases into the following system:

Lm1X p
m
2 0 0 ...
qm1 K
m
2X p
m
3 0 ...
0 qm2 L
m
3X p
m
4 ...
... ... ... ... ...




Ψm1X
Φm2X
Ψm3X
...

 = υ22Ω


0
Um2X
0
...

 . (50)
If m = 2, Eq. (49) ensures that the unphysical component Ψ21X vanishes because p
2
2 = q
2
1 =
0. The components that do not appear in Eq. (50) vanish: Φ00X = 0, Φ
m
nX = 0 if n is odd,
and ΨmnX = 0 if n is even.
3.4 Slow-rotation and deep-ocean limits
In the slow-rotation limit, tides are artificially decoupled from rotation: Ω ≪ ω. In that
limit, Eq. (40) tends to a diagonal system,(
2ΩK0nX
)
ΦmnX = υn U
m
nX ,
ΨmnX = 0 , (51)
which yields the following solution for the radial tide:
ηmnX =
υn
βn + (1− i/(4Qnλ))Λω
UmnX
g
, (52)
where Λω = −(qωR)/(n(n + 1)D). If the mantle is infinitely rigid, the factor multiplying
UmnX/g coincides with the radial Love number of the non-rotating model (Eq. (122) of
Beuthe [2015b]) except for the new oceanic dissipation term −i/(4Qnλ). The degree-two
solution is resonant if
D =
qωR
6
1
Re(β2)
, (53)
in agreement with the prediction of the non-rotating model (Eq. (1)).
In the deep-ocean limit, the ocean is deep enough so that dynamical effects become
negligible: the term proportional to βn dominates in Eq. (42), so that Eq. (40) becomes
similar to Eq. (51) but with the supplementary condition that λ ≈ 0. The solution for the
radial tide is thus Eq. (52) in which Λω = 0, i.e. the equilibrium tide given by Eq. (29):
ηmnX ≈ Zn
UmnX
g
. (54)
The westward obliquity tide must be treated separately (Section 4.1).
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4 Resonant and nonresonant tidal waves
In this section, I look more closely at LTE solutions that stand out by their magnitude:
the nonresonant westward obliquity tide, and the resonant solutions for all the other tidal
waves. The resonances can be investigated either as peaks in the energy spectrum, or as
solutions of an eigenvalue problem.
4.1 Westward obliquity tide (WOT)
Suppose that the body is in synchronous rotation. The westward obliquity tide, hereafter
denoted WOT or indexed as wot, differs from other tidal waves. The reason is that the
inviscid LTE (Eqs. (33)-(35)) have a closed-form solution [Tyler , 2009]:
Φtor = 0 ,
Ψtor =
3
2
ΩR2 υ2 sin I sin θ cos (ϕ+Ωt) , (55)
where the subscript tor stands for ‘toroidal’. In terms of spherical harmonics, the only
nonzero component is Ψ11W . The particular form of this solution originates in the identity
L0Ψtor = 0 or, equivalently, in Re(L11W ) = 0 if λ = 1/2, m = 1 and n = 2 (see Eq. (41)).
This solution has the following characteristics:
• It is purely toroidal (Φ = 0). This means that the radial tide vanishes: η = 0.
• It is not a resonance. A resonance is a free oscillation mode whose periodic excitation
by the tidal potential causes a divergent response. By contrast, the toroidal solution
does not exist without tidal forcing and does not diverge.
• It does not depend on ocean depth.
If the fluid is viscous, other components of Ψ as well as of Φ become nonzero, though
Ψ11W remains the dominant component. Following Chen et al. [2014], I find an approximate
viscous WOT solution by solving the system (50) truncated to degree two:
Ψ11W =
√
5
1− i (5K12 )/(3Q1)
υ2
Ω
U12W ,
Φ12W = −
√
5
6
i
Q1
Ψ11W , (56)
where
K12 = −
1
3
+
12β2
ǫL
+
i
4Q2
. (57)
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If viscosity is low (Q1, Q2 ≫ 1), the solution is dominated by the toroidal potential and
K12 ≈ 12β2/ǫL. In that case, the viscous WOT solution is approximately given in the
spatial domain by
Ψwot ≈ 1
1− i (20β2)/(ǫLQ1) Ψtor . (58)
Obliquity tides now depend on ocean depth through the Lamb parameter ǫL: the magnitude
of Ψwot is nearly constant if ǫL & 20|β2|/Q1 but decreases as 1/D if ǫL . 20|β2|/Q1.
For a surface ocean without self-attraction (β2 = 1) and with low Navier-Stokes viscos-
ity, the solution (56) is equivalent to Eqs. (41), (42), (46), and (47) of Chen et al. [2014].
Their threshold ǫLRe ≈ 80 (where Re = 4Q1 is the Reynolds number) is a special case of
the threshold ǫL ≈ 20|β2|/Q1 if β2 = 1.
In Section 3.4, I showed that the radial displacement is given by the equilibrium tide
in the deep-ocean limit. There is however no such limit for the inviscid WOT solution
because (Φtor,Ψtor) do not depend on ocean depth. Is this conclusion changed by viscosity?
Plugging Eq. (56) into Eq. (39), I can write
η12W ≈
1
1 + i (ǫLQ1)/(20β2)
Z2
U12W
g
. (59)
Thus the radial WOT tends, in the deep-ocean limit, to the equilibrium tide (Eq. (54)) if
the viscosity is high enough: (ǫLQ1)/|20β2| ≪ 1.
4.2 Energy spectrum
The LTE matrix (Eq. (50)) is singular at specific frequencies. Physically, these singularities
correspond to free oscillations of the ocean (normal modes), which are of two main types:
surface gravity waves and inertial (Rossby) modes [Longuet-Higgins, 1968]. Our tidal
forcing problem is slightly different because the frequency is fixed (it is equal to the forcing
frequency Ω) while the ocean depth is unknown. The frequency of Rossby modes is in the
range [0, 2mΩ/(n(n + 1))] which is strictly smaller than Ω. Thus we only need to bother
about surface gravity waves. Strictly speaking, they should be called ‘surface gravity waves
modified by rotation’, but I will stick in this paper to the shorter name ‘surface gravity
waves’.
The average kinetic energy stored in ocean tides gives a global picture of the tidal
response, in which resonances appear as diverging energy peaks for specific values of the
ocean depth. Computing the kinetic energy serves other ends. On the one hand, it is
a good preliminary to dissipation: the dissipation rate for linear top and bottom drag is
indeed proportional to the kinetic energy. On the other, it gives an estimate of the average
flow speed, which is needed when modeling nonlinear dissipation (Section 6.2).
The kinetic energy of the fluid integrated over the ocean volume VO and averaged over
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the orbital period T reads
Ekin =
1
T
∫
T
dt
∫
VO
dV
(ρ
2
u · u
)
. (60)
Following Chen et al. [2014], I evaluate the kinetic energy in terms of spherical harmonic
coefficients,
Ekin =
2∑
m=0
N∑
n=m
∑
X=E,W
EmnX , (61)
where EmnX is the kinetic energy for the component of degree n, order m, and direction X:
EmnX =
ρD
4
n(n+ 1) (1 + δm0)
(|ΦmnX |2 + |ΨmnX |2) . (62)
This formula is equivalent to Eq. (24) of Chen et al. [2014] taking into account the following
differences. First, they do not sum over both directions when m = 0. Second, their SH
coefficients for m > 0 are half the size of mine because they define their Fourier transform
without factor 1/2 (see Eq. (37)).
Fig. 4 shows the average kinetic energy stored in an inviscid surface ocean for eccen-
tricity tides (crustal effects are addressed in Section 5.3). In this figure, each peak has
been associated with a tidal wave of given order and direction by plotting separately the
energy components EmnX before adding them. The largest resonances are well separated
into modes 0X, 2W , and 2E (Fig. 4B). As the ocean gets shallower, resonances occur in
tight groups and the modes (0X, 2W ) become indistinguishable. Fig. 5 is similar to Fig. 4
but for obliquity tides. In this case, the surface gravity modes are only due to eastward
tides, whereas the westward tide does not depend on the ocean depth (Eq. (55)). The
background trend results from the linear dependence of the energy on the ocean depth D
(Eq. (62)).
4.3 Resonant ocean depths
It is not necessary to compute the full energy spectrum in order to identify resonances.
Resonant depths are the values of D for which the LTE matrix (Eq. (50)) is singular. In
order to obtain a standard eigenvalue problem (with eigenvalue 1/ǫL), I eliminate Ψ
m
nX
between the two equations in Eq. (40) in which the tidal forcing is set to zero:
− λ
n(n+ 1)βn
(
q′
m
n−2,X Φ
m
n−2,X + L
′m
nX Φ
m
nX + p
′m
n+2,X Φ
m
n+2,X
)
=
1
ǫL
ΦmnX . (63)
These equations hold for n ≥ m, it being understood that Φmm−2,X = Φmm−1,X = 0. The
primed factors are defined by
L′
m
nX = L
m
nX −
pmn+1 q
m
n
Lmn+1,X
− p
m
n q
m
n−1
Lmn−1,X
,
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Figure 4: Average kinetic energy of eccentricity tides in a surface ocean: (A) ocean depth between
1m and 20m, (B) ocean depth between 20m and 1000m. The ocean is inviscid. Resonances are
labeled with mX where m is the order and X is the direction (the resonances 0X and 2W are
indistinguishable except the two largest ones).
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Figure 5: Average kinetic energy of obliquity tides in a surface ocean. The ocean is inviscid. All
resonances are associated with eastward obliquity tides (m = 1). The background trend is due to
the toroidal solution for the westward obliquity tide.
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(
p′
m
nX , q
′m
nX
)
=
(
−p
m
n−1 p
m
n
Lmn−1,X
, −q
m
n q
m
n+1
Lmn+1,X
)
. (64)
If written in terms of the ocean tide η instead of Φ, these equations are equivalent to
Eq. (43) of Hough [1898] for an inviscid surface ocean above a rigid mantle (α = ν = 0 and
βn = 1− ξn).
Similarly to Eq. (40), Eq. (63) falls into independent systems: symmetric (if n − m
is even), and antisymmetric (if n − m is odd). After truncating each system to n ≤ N
and writing it in matrix form, it becomes easy to compute the eigenvalues with mathe-
matical software (I used both Mathematica and the LAPACK library in FORTRAN). The
eigenvalues for the symmetric (resp. antisymmetric) case are relevant to eccentricity (resp.
obliquity) tides. Since the eigenvalue problem is independent of the choice of the basis, the
factors (pmn , q
m
n ) can be defined with either Eq. (46) or Eq. (48). The positive eigenvalues
are denoted, in order of decreasing magnitude,
D
(1)
mX , D
(2)
mX , ... (65)
For the westward obliquity tide in the inviscid limit, eigenvalues must be computed by
approaching the synchronous frequency from above (since L11W = 0). However, these
eigenvalues do not cause resonances, even in presence of viscosity, because of the existence
of the toroidal solution specific to the westward obliquity tide (Eq. (55)).
5 Crustal effects: inviscid-elastic response
Before tackling dissipation, let me analyze the impact of the crust on the tides of an
ocean with zero viscosity, sandwiched between an elastic mantle and an elastic crust: the
inviscid-elastic response. I propose to look at the degree-two response, the positions of
resonances, the energy spectrum, and the energy concentration. To begin with, the degree-
two response provides a connection with the Love number approach of the non-rotating
model. Next, I show that positions of resonances are related to the surface ocean solutions
by an approximate scaling rule, which also reproduces the energy spectrum over a large
range. Finally, computing the energy concentration in the harmonic domain allows me to
check the membrane assumption.
5.1 Degree-two response
In the non-rotating model, the radial response of the body to tidal forcing of degree two
is described by one Love number (hT2 ), which is degenerate in harmonic order and does
not depend on the tidal direction (east or west). Once rotation is taken into account, the
response of the fluid differs according to m and to the tidal direction (except if m = 0).
Moreover, tidal forcing of degree two generates tides of other degrees, so that an infinite set
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of Love numbers becomes necessary. The response is however negligible at most harmonic
degrees. With the exception of the westward obliquity tide, the dominant response, far
from resonances, to a forcing of degree two and order m is given by Φm2X and the nearest-
coupled toroidal components, which are Ψm1X (if m < 2) and Ψ
m
3X (see Fig. 1 in Chen et al.
[2014]).
The connection with the Love number approach becomes obvious if one works with
the radial tide η instead of the velocity potential Φ. Thus, let us analyze the dominant
radial response, component by component, by defining parameters zm2X analogous to the
admittance Zn (Eq. (13)):
ηm2X = z
m
2X
Um2X
g
. (66)
In the limit of equilibrium tide, all zm2X (except z
1
2W ) tend to the equilibrium tide admittance
Z2 (Eq. (13)), which is equal to the radial Love number at the surface of the satellite if the
mantle is infinitely rigid. The above definition is not useful for the westward obliquity tide
in the inviscid limit because fluid motion can occur without surface deformation (Eq. (55)).
Fig. 6 shows the degree-two radial response, component by component. Two cases are
presented: surface ocean or subsurface ocean with a 2.5 km-thick crust. If the ocean is
thicker than a few kilometers, the response tends to the equilibrium admittance (Eq. (54)):
Z2 = 1.60 if d = 0km and Z2 = 0.32 if d = 2.5 km. The crust actually reduces the
equilibrium admittance by the factor (1− ξ2)/β2 ≈ 1/4.88 (υ2 is nearly constant). Besides
decreasing the radial response, the crust shifts the largest resonance D
(1)
mX to the left by the
same factor 4.88 whatever the order m and the direction X. This factor quantifying the
amplitude reduction and the resonance shift coincides with the reduction factor of the slow-
rotation limit (Eq. (53)), and thus agrees with the predictions of the non-rotating model
(analytical [Beuthe, 2015b] and numerical [Kamata et al., 2015]), although the positions of
the resonances are different.
The responses can be grouped into westward-type (panels A and C) and eastward-type
(panels B and D), although the m = 0 case is not properly directional. Resonances occur
at much smaller ocean depths in the former category than in the latter. Besides, the
westward-type response shows a dip just after the largest resonance which is not seen in
the eastward-type response.
5.2 Universal scaling rule
In Section 5.1, we saw that the crust reduces the magnitude of the radial tide in the deep-
ocean limit by the factor (1−ξ2)/β2. It also shifts by the same factor the largest resonance
to a smaller ocean depth. Let us try to understand why this is so.
The largest eigenvalue for all tidal waves does not depend much on degrees higher
than two: truncating the system (63) to N = 2 yields reasonable estimates of the two
largest resonant depths (D
(1)
1E and D
(1)
2E). Increasing the size of the eigensystem leads to the
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Figure 6: Degree-two radial response to tidal forcing of given order and direction: (A) z02X with
X = E or W , (B) z12E , (C) z
2
2W , (D) z
2
2E . In each panel, two cases are considered: surface ocean
(d = 0km) or subsurface ocean under a thin elastic crust (d = 2.5 km ≈ R/100). Vertical dotted
lines show the positions of the resonances. The ocean is inviscid.
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determination of smaller eigenvalues, but does not change much the largest ones. Thus, as
a first approximation, the factors βn can be replaced by β2 in the LTE eigenvalue equation:
− λ
n(n+ 1)
(
...
)
=
1
ǫ′L
ΦmnX , (67)
where the quantity within brackets is the same as in Eq. (63) and ǫ′L is a rescaled Lamb
factor defined by ǫ′L = ǫL/β2. Eq. (67) corresponds to the LTE eigenvalue problem for
a surface ocean without self-attraction. As the left-hand side of this equation does not
depend on the ocean depth, neither does the eigenvalue 1/ǫ′L. In this approximation, the
factor ǫL is thus proportional to β2, meaning that D
(1)
mE is inversely proportional to β2.
Thus D
(1)
mE is given by a scaling rule similar to the one of the non-rotating model (Eq. (1)):
D
(1)
mE ≈ f
qωR
6
1
β2
, (68)
where f is a nondimensional factor specific to each tidal wave but otherwise independent
of the physical parameters of the satellite: f ≈ 4/7 if m = 1 and f ≈ 4/3 if m = 2. This
rough approximation is universal, in the sense that it yields the largest resonance ocean
depths for all synchronously rotating satellites (see Table 3 of Matsuyama [2014] for the
case of a surface ocean). Fig. 7 shows the two largest resonant depths for a surface ocean
as a function of the ocean-to-bulk density ratio. For Enceladus, the error is less than 1%
and close to 6% for eccentricity and obliquity tides, respectively. For satellites whose mean
density is close to water density (ξ1 ≈ 1), the error reaches 1.5% and 14% for eccentricity
and obliquity tides, respectively.
5.3 Scaling rule for Enceladus
Approximating all βn by β2 in Eq. (67) is straightforward but brutal, and is not very accu-
rate for eigenvalues other than the largest one. Instead, let us rewrite the LTE eigenvalue
system (63) so that self-attraction explicitly appears:
− λ
n(n+ 1)
rn
1− ξn
(
...
)
=
1
ǫ′′L
ΦmnX , (69)
where the quantity within brackets is the same as in Eq. (63) and ǫ′′L is a rescaled Lamb
factor defined by ǫ′′L = ǫL(1 − ξ2)/β2. The factor rn in the left-hand side of Eq. (69) is
given by
rn =
β2
βn
1− ξn
1− ξ2 , (70)
and verifies r2 = 1. If rn ≈ 1 for all n, Eq. (69) is identical to the LTE eigenvalue problem
for a surface ocean including self-attraction. Fig. 8 shows that r4 = 1 if ξ1 ≈ 0.59, a
value which is very close to Enceladus’ ocean-to-bulk density ratio for a pure water ocean
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Figure 7: Largest resonant depths for a surface ocean as a function of the ocean-to-bulk density
ratio. Solid curves show the largest resonant ocean depth D
(1)
mX for the eastward tidal waves (labeled
by (m,X)). Dotted curves result from the approximation (68). The dashed curve is the prediction
of the non-rotating (NR) model (Eq. (1)). The vertical axis indicates the bulk-to-ocean density
ratio of Table 2. The ocean is inviscid and the mantle is infinitely rigid.
(ξ1 = 0.62). Furthermore, r4 remains within 20% of unity in most of the density range.
That r2 and r4 are close to unity guarantees that rn ≈ 1 is a good approximation for at least
the few largest eigenvalues. If n≫ 4, rn remains within 20% of unity for 0.10 < ξ1 < 0.63.
Following the above, we consider Eq. (69) under the approximation rn ≈ 1. As the
eigenvalues 1/ǫ′′L do not depend on ocean depth, the corresponding resonant depths are
inversely proportional to β2/(1− ξ2). Thus the resonant depths are given by a scaling rule
similar to Eq. (68):
D
(i)
mX ≈ f (i)mX
qωR
6
1
β2
. (71)
The nondimensional factors f
(i)
mX are adjusted so as to yield the correct resonant depths
D
(1)
mX for a surface ocean including self-attraction. Thus they slightly vary with the ocean-
to-bulk density ratio. Table 4 gives the numerical values of these factors for the first three
series of resonant depths (i = 1, 2, 3), assuming that ξ1 = 0.621 for Enceladus. Observe
that f
(1)
2E = 1.328 differs by less than 1% from the universal factor f = 4/3 appearing in
Eq. (68) (no self-attraction). For obliquity tides, the difference reaches 6%. Though most
accurate if the ocean-to-bulk density ratio is close to ξ1 ≈ 0.6, the above scaling rule can
also be applied to synchronously rotating satellites with other density ratios, from Europa
(ξ1 ≈ 1/3) to Tethys (ξ1 ≈ 1).
Fig. 9A shows how crust thickness affects D
(1)
mX for each tidal wave (m,X). Solid curves
are computed by solving the system (63) truncated to N = 100, whereas dashed curves
show the estimates given by Eq. (71). If d . 100m, D
(1)
mX is close to the value for a surface
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Table 4: Factors f
(i)
mX parameterizing the resonant depths in Eq. (71), to (5− i) significant figures,
assuming that the ocean-to-bulk density ratio is ξ1 = 0.621.
i (m,X)
(0,W ) (1, E) (2,W ) (2, E)
1 0.1386 0.5389 0.1498 1.328
2 0.0225 0.0421 0.0228 0.0858
3 0.0088 0.013 0.0089 0.020
ocean, whereas if d & 100m, D
(1)
mX quickly decreases to very small values (one order of
magnitude drop between d ≈ 100m and d ≈ 5 km). Fig. 9B shows the three largest
resonant depths for the m = 2 eastward component. The estimate from the approximate
scaling rule deviates from the exact result when the resonant depth decreases to less than
a few meters.
The same type of reasoning can be applied to the full LTE system (Eq. (40)): the
velocity potentials (Φ,Ψ) for a subsurface ocean are approximately given by the potentials
for a surface ocean, but shifted to smaller ocean depths by the factor (1−ξ2)/β2. According
to Eq. (62), the energy spectrum is shifted in the same way; it is also reduced in magnitude
by the same factor because the energy is proportional to ocean depth. Fig. 10 shows that
the energy spectrum for d = 2.5 km is very well approximated by the surface ocean solution
(including self-attraction) shifted and reduced in magnitude by the factor (1 − ξ2)/β2 ≈
1/4.88.
5.4 Energy concentration
In order to check that the crust deforms as a membrane (Section 2.4), we must determine
the harmonic degree range in which most of the energy is concentrated. Far from the
resonances, most of the energy resides in Ψm1X , Φ
m
2X , and Ψ
m
3X (see Section 5.1). Let us
quantify the energy concentration in degrees n ≤ N ′ for a given mode (m,X) by
CmX(N
′) =
( N ′∑
n=m
EmnX
)
/
( N∑
n=m
EmnX
)
, (72)
where EmnX is defined by Eq. (62).
At smaller ocean depths, where resonances occur, the energy is distributed in a wider
degree range. For a given mode, the degree threshold is defined as the degree N ′ such that
the energy concentration is higher than some threshold, say 0.99:
CmX(N
′) > 0.99 . (73)
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Figure 8: Deviation from scaling rule: factor rn as a function of the ocean-to-bulk density ratio ξ1
(Eq. (70)). rn tends to the horizontal line r2 = 1 if the crust is so thin that its effect is negligible:
Λn ≪ ξn. The two increasing curves show rn if either n = 4 or n≫ 4 in the limit of a rigid crust.
The vertical dotted lines indicate the corresponding ξ1-values for which either r4 (rightmost line)
or rn with n≫ 4 (leftmost line) does not depend on crust thickness. The ocean is inviscid and the
crust is elastic.
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Figure 9: Resonant ocean depth as a function of crust thickness: (A) largest resonant depth D
(1)
mX
for each mode, (B) three largest resonant depths for the m = 2 eastward mode. Solid curves are
the results of the full LTE; dotted curves are estimates from the scaling rule (Eq. (71)). In panel A,
curves are labeled by the tidal waves indices (m,X); the dashed curve is the prediction of the
non-rotating (NR) model (Eq. (1)). In panel B, curves are labeled by the ordering index i as in
(65). The ocean is inviscid and the crust is elastic.
31
` a `b ab `bb abb `bbb
`b
cd
`b
ce
`b
cf
`b
cg
`b
ch
`b
ci
`b
cj
`b
lm
nopqr thickness [m]
E
k
in
[s
]
A
u v uw vw uww vww uwww
uw
x
uw
y
uw
z
uw
{|
uw
{{
uw
{}
uw
{~
uw
{
 thickness [m]
E
k
in
[
]
B
Figure 10: Average kinetic energy of subsurface ocean tides: (A) eccentricity tides, (B) obliquity
tides. The ocean is inviscid. The crust is elastic and 2.5 km thick. In each panel, the solid curve
is the solution of subsurface LTE, while the dotted curve shows the surface ocean solution rescaled
(on x and y axes) by the factor (1−ξ2)/β2 ≈ 1/4.88. Panels A and B should be compared to Figs. 4
and 5 showing the energy spectra of eccentricity and obliquity tides in a surface ocean.
For a surface ocean, Fig. 11A shows that the kinetic energy of Enceladus’ ocean tides
is indeed concentrated in harmonic degrees n ≤ 3 if the ocean is deeper than about 100
meters. Adding a crust shifts these curves, as well as the resonances, to smaller ocean
depths by a factor (1 − ξ2)/β2. Fig. 11B shows the degree threshold in function of the
ocean depth. Bending effects become significant when the degree threshold is equal to
the bending threshold (Eq. (17)). If d = 2.5 km, this occurs for an ocean depth of about
one meter. If the crust thickness increases, the bending threshold decreases but the degree
threshold is shifted to smaller ocean depths. Therefore bending effects are always negligible
if the ocean is deeper than a few meters.
6 Dissipation
Tides dissipate energy in the ocean, crust, and mantle. I start by giving the formulas for
the dissipation rate in each layer and in the whole body in terms of the velocity potentials
(Φ,Ψ). Next, I analyze oceanic dissipation for eccentricity and obliquity tides if the crust
is elastic. Finally, I study simultaneous dissipation in the ocean and crust.
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Figure 11: Energy concentration: (A) energy concentration factor in the first three harmonic
degrees (Eq. (72) with N ′ = 3), (B) degree threshold (Eq. (73)). In each panel, two cases are
considered: surface ocean (d = 0km) or subsurface ocean under a thin elastic crust (d = 2.5 km ≈
R/100). In panel A, the different types of dashing correspond to the different tidal waves (m,X).
In panel B, the step functions show the degree threshold N ′ for the m = 2 eastward tidal wave.
The horizontal line is the membrane-bending threshold if d = 2.5 km (Eq. (17)).
6.1 How-to
6.1.1 Ocean
The global dissipation rate in the ocean, averaged over an orbital period, is equal to the
power developed by the dissipative stress F(u) (Eq. (5)):
E˙O = − 1
T
∫
T
dt
∫
VO
dV
(
ρF(u) · u
)
. (74)
For linear top and bottom drag (F(u) = −αu), the dissipation rate is equal to the kinetic
energy (Eq. (61)) multiplied by 2α [Tyler , 2011]. For Navier-Stokes viscosity, the vector
Laplacian in Eq. (5) introduces a supplementary factor of n(n+1) [Chen et al., 2014]. The
result can be written as follows (Qn is the tidal quality factor, see Eq. (43)):
E˙O =
ρDΩ
4
2∑
m=0
(1 + δm0)
N∑
n=m
n(n+ 1)
Qn
∑
X=E,W
(
|ΦmnX |2 + |ΨmnX |2
)
. (75)
6.1.2 Crust
The global dissipation rate in the crust, averaged over an orbital period, can be computed
with two equivalent methods: micro or macro [Beuthe, 2015a]. In the micro approach, it
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results from the stress times the strain rate integrated over the volume of the shell. In
the macro approach, it is equal to the average work done by the bottom load on the crust
integrated over the surface (the tidal potential does no direct work on the shell because it
is massless in the membrane approach). Choosing the latter method, I can write the global
dissipation rate in the crust as
E˙C =
1
T
∫
T
dt
∫
S
dS
(
q η˙top
)
=
Ω
2
∑
n
∫
S
dS Im
(
qn η
top
n
∗)
, (76)
where q is the bottom load and η˙top is the radial velocity of the crust. Substituting Eq. (14)
into Eq. (76) and expanding into E-W spherical harmonic components yields
E˙C =
ρgR2Ω
2
2∑
m=0
(1 + δm0)
N∑
n=m
Im(Λn)
∑
X=E,W
|(ηtop)mnX |2 . (77)
In the general case of a nonrigid mantle, ηtop is related to η by Eq. (24), which is in turn
related to Φ by Eq. (39). If the mantle is rigid, ηtop = η so that the crustal dissipation rate
reads
E˙rigidC =
2ρDΩ
ǫL
2∑
m=0
(1 + δm0)
N∑
n=m
n2(n+ 1)2 Im(Λn)
∑
X=E,W
|ΦmnX |2 . (78)
In this paper, depth-dependent rheology is not included in the bending component of
Λn (see Appendix B), so that I always assume that Λn = Λ
M
n when computing crustal
dissipation. This approximation is good if the ocean is deeper than a few meters (see
Section 5.4).
6.1.3 Mantle
Suppose that the mantle is incompressible and of uniform density. The mantle can have a
depth-dependent rheology, or include a liquid core with the same density. In that case, I
show in Appendix G that the global dissipation rate in the mantle is given by
E˙M = ΩR
2∑
m=0
(1 + δm0)
N∑
n=m
n− 1
2n+ 1
Im (µm Sn)
∑
X=E,W
∣∣∣(ηbot)mnX ∣∣∣2 , (79)
where µm is the shear modulus of the top of the mantle and Sn is a function depending
on the structure of the core-mantle system. If the mantle is homogeneous and there is no
core, Sn = (2n
2 + 4n+ 3)/n (Eq. (D.4)). The displacement of the mantle-ocean boundary
ηbot is related to the ocean tide η by Eq. (25), which is in turn related to Φ by Eq. (39). If
the mantle is rigid, ηbot = 0 so that E˙M = 0.
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6.1.4 Whole body
The formula for the dissipation rate in the ocean (Eq. (75)) depends on unknown parame-
ters, such as the ocean depth and the viscosity. For similar reasons, the dissipation rate in
Earth’s oceans is determined, in an indirect way, from the global planetary dissipation rate.
This quantity is proportional to the phase shift between the induced and external tidal po-
tentials which is observable because it affects satellite orbits [Egbert and Ray , 2001]. For
icy satellites, such measurements are not yet available; the heat output of Enceladus’ south
polar terrain has been measured [Howett et al., 2011], but it is not clear how it relates to
present-day tidal dissipation. That being said, the global planetary dissipation rate is an
observable quantity which serves as a global constraint on the various contributions.
In practice, one often constructs an energy balance equation with the LTE as build-
ing blocks (e.g. Hendershott [1972]; Egbert and Ray [2001]; Tyler [2011]). It is difficult,
however, to give a physical meaning to the various terms when ocean, crust and mantle in-
teract. I will rather follow the approach of Zschau [1978] and Platzman [1984] who compute
the global dissipation rate from the work done by the external tidal potential. The only
difference is that Platzman [1984] treats the ocean and the atmosphere as two mass loads,
whereas I model the ocean as a mass load and the crust as a pressure load (Section 2.5).
As before, I approximate the external tidal potential by its degree-two component. The
dissipation rate integrated over the whole satellite and averaged over an orbital period is
given by Eq. (7) of Platzman [1984]:
E˙ =
Ω
2
5
4πGR
∫
S
dS Im
(
UT2 U
′
2
∗)
, (80)
where U ′2 is the induced (or secondary) potential due to the deformation of the body,
U ′2 = Γ2 − UT2 . (81)
In Appendix H, I transform this formula into an explicit function of the velocity potential
Φ for the ocean tide (Eq. (H.3)). I consider here two special cases: elastic mantle/elastic
crust, or rigid mantle/viscoelastic crust. In these two cases, Eq. (H.3) reduces to
E˙ = −3ρD (γT2 + δγT2 ) 2∑
m=0
(1 + δm0)
∑
X=E,W
Im (Φm2X)U
m
2X , (82)
where I assumed that Um2X is real (as in Table 3). If the mantle is infinitely rigid, γ
T
2 = 1
and δγT2 = 0, in which case Eq. (82) is equivalent to the formula for global dissipation
given by Chen et al. [2014] for a surface ocean (see their Eq. (28); Φ differs by a factor
i and the tidal potential is of opposite sign; other differences in normalization are noted
after my Eq. (62)).
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6.2 Oceanic dissipation
6.2.1 All tides except WOT
For simplicity, suppose that oceanic dissipation results from linear top and bottom drag.
In that case, the quality factor Qn does not depend on n so that the oceanic dissipation
rate (Eq. (75)) is proportional to the average kinetic energy stored in the ocean (Eq. (61)).
If ocean viscosity is low, the kinetic energy is close to what is shown in Fig. 10, and the
dissipation rate should also be similar, except for a change in magnitude by the factor
2α = Ω/Qn.
Consider first eccentricity tides. Fig. 12A shows the surface energy flux, as a function
of ocean depth, due to eccentricity tides in a subsurface ocean. In this example, the crust
is elastic and 2.5 km thick. As expected, the curve for low viscosity (Qn = 100) is similar
in shape to the kinetic energy shown in Fig. 10A. If viscosity is high (Qn = 1), resonances
are damped and the energy flux has a unique peak close to the largest resonance. In both
cases, the surface energy flux is well approximated by rescaling on both axes the surface
ocean solution by the factor (1− ξ2)/β2 ≈ 1/4.88.
Consider now obliquity tides. Fig. 12B shows the surface energy flux, as a function of
ocean depth, due to obliquity tides in a subsurface ocean. As above, the crust is elastic
and 2.5 km thick. If viscosity is low and the ocean is not too deep, the surface energy flux
is similar in shape to the kinetic energy for an inviscid ocean (Fig. 10B). As the ocean gets
deeper, the westward tide solution is damped by ocean viscosity so that the energy flux
reaches a peak before decreasing to zero (see Section 6.2.2). Similarly to eccentricity tides,
the surface energy flux for obliquity tides is well approximated by rescaling on both axes
the surface ocean solution by the factor (1− ξ2)/β2 ≈ 1/4.88.
What happens if the crust is viscoelastic? As it should be expected, the resonances
peaks are damped: if viscoelasticity increases, the different peaks become more diffuse
until they form only one broad peak (see example in Section 6.3.3). The dissipation rate,
however, cannot be scaled from the surface ocean solution as before since viscoelasticity
changes the spectrum shape. If ocean viscosity is low, the positions of the resonances follow
a scaling rule similar to Eq. (71):
D
(i)
mX ≈ f (i)mX
qωR
6
1
Re(β2)
, (83)
where the coefficients f
(i)
mX are given by Table 4. If the ocean is deeper than the largest
resonance (either for eccentricity or eastward obliquity tides), it is a good approximation
to solve the LTE truncated to n = 3, as done by Chen et al. [2014]. If ocean viscosity is
low, oceanic dissipation tends to
E˙O,ecc ≈ 1|β2|2
(
57π
28
α+
519π
35
ν
R2
)
ρΩ6R8
g2D
e2 , (84)
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Figure 12: Oceanic dissipation if elastic crust: (A) eccentricity tides, (B) obliquity tides. The
crust is 2.5 km thick. Dissipation results from linear top and bottom drag with either Qn = 100
or Qn = 1. The surface energy flux is computed by solving the LTE for a subsurface ocean (solid
curves). The dotted curves show the surface ocean solutions rescaled on both axes by the factor
(1 − ξ2)/β2 ≈ 1/4.88. In panel B, the vertical dashed lines indicate where dissipation is maximum
for the westward obliquity tide (Eq. (89)).
E˙O,1E ≈ 1|β2|2
(
2397π
13720
α+
9237π
6860
ν
R2
)
ρΩ6R8
g2D
sin2 I . (85)
These formulas agree with Table 4 of Chen et al. [2014] if α = 0 (Navier-Stokes dissipa-
tion) and β2 = 1 (surface ocean without self-attraction); they are also illustrated in Fig. 13.
Analog expressions can be found for the kinetic energy (the terms within brackets changes);
again, they agree with Table 4 of Chen et al. [2014] if α = 0 and β2 = 1. Asymptotic for-
mulas for the kinetic energy are useful when estimating the effective viscosity for nonlinear
dissipation (see Section 6.2.3).
6.2.2 WOT dissipation
The westward obliquity tide is at the origin of the extremely broad peaks in Fig. 12B.
What are the position and the magnitude of these peaks? For more generality, let us do it
for a viscoelastic crust, though it does not hurt to assume a nearly rigid mantle (υ2 ≈ 1).
Substituting the approximate solution (56) into Eq. (75), I can write the oceanic WOT
dissipation rate as
E˙O,wot =
ρDΩ
2
a
Q1
|Ψ11W |2 , (86)
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where a = 1+5/(12Q1Q2) and Ψ
1
1W is known from Eq. (56). In the shallow- and deep-ocean
limits, the WOT dissipation rate tends to
E˙O,wot ≈ 3π a
a2 + b2
1
Q1
ρDΩ3R4 sin2 I (shallow) , (87)
E˙O,wot ≈ 1|β2|2
3π
25
(aQ1)
ρΩ7R8
g2D
sin2 I (deep) , (88)
where a is as above and b = 5/(9Q1). If ocean viscosity is low (Q1 ≫ 1), a ≈ 1 and b ≈ 0.
The threshold between the two regimes corresponds to ǫL ≈ 20|β2|/Q1 (see Section 4.1). If
β2 = 1 and ocean viscosity is low, Eqs. (86)-(88) agree with Table 4 of Chen et al. [2014].
These limits are illustrated in Fig. 14.
E˙O,wot is maximum for
Dwot ≈
√
a2 + b2
qωR
5
Q1
|β2| . (89)
Compared to the largest eastward obliquity resonance (Eq. (71)), the WOT peak typically
occurs for a deeper ocean:
Dwot
D
(1)
1E
≈ 2.24
√
a2 + b2 Q1 . (90)
If ocean viscosity is low, the maximum of E˙O,wot is given by
Max
(
E˙O,wot
)
≈ 9
40
ξ1
(ΩR)5
G
sin2 I
|β2|+ Im(Λ2) , (91)
which depends neither on ocean depth nor on ocean viscosity. In Fig. 12B, the WOT peak
for Q = 1 is higher than the one for Q = 100 because the former combines the WOT peak
with the (very damped) largest resonance. For the same reason, the peak for Q = 1 occurs
at a smaller ocean depth than predicted by Eq. (89).
6.2.3 Nonlinear dissipation
Locating the WOT peak as in Eqs. (89) to (91) is all right for linear dissipation (top and
bottom drag or Navier-Stokes), but is not correct if dissipation is nonlinear. On the basis of
numerical tests, Chen et al. [2014] proposed that the nonlinear drag (Eq. (6)) is equivalent,
in a time-averaged sense, to the Navier-Stokes formulation:
< −(cD/D)|u|u >=< νeff∇2u > , (92)
where νeff is an effective Navier-Stokes viscosity. For the westward obliquity tide, this
equivalence yields νeff ,1W ≈ (cD/2D)R2u¯. The average velocity u¯ is estimated from the
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kinetic energy: u¯ ≈
√
Ekin/(2πR2ρD) ≈ |Ψ11W |/
√
4πR2. If the ocean viscosity is low, the
effective viscosity is given by
νeff ,1W ≈
√
3
8
cD
D
ΩR3 sin I
|1− 20i β2 νeff (gD)/(Ω3R4)|
, (93)
which agrees with Eq. (63) of Chen et al. [2014] if β2 = 1 (surface ocean without self-
attraction). Eq. (93) can be solved for νeff ,1W . Substituting the result into Eq. (91),
one obtains a formula for quadratic WOT dissipation in a subsurface ocean. Using this
formula for a surface ocean (β2 = 1), Nimmo and Spencer [2015] recently argued that
Triton’s geological activity is driven by obliquity tides. It would be interesting to check
whether their conclusions still hold for a subsurface ocean.
6.3 Crustal dissipation
6.3.1 Magnitude
Unless it is purely elastic, the crust dissipates energy when deforming under tidal stresses.
The relative magnitude of crustal dissipation (compared to oceanic dissipation) depends
on several factors:
• the ocean depth. In Eqs. (75) and (78), the prefactors of the squared velocity poten-
tials are linear and quadratic in D, respectively.
• the ratios of Im(Λn) to the quality factors Qn.
• the relative magnitudes of consoidal (Φ) and toroidal (Ψ) fluid motions: crustal
dissipation only depends on the former, whereas oceanic dissipation depends on both.
The westward obliquity tide is a particularly interesting case. For simplicity, suppose that
the mantle is infinitely rigid. Substituting the approximate solution (56) into Eq. (78), I
can write the crustal dissipation rate as
E˙C,wot = 10
ρDΩ
ǫL
Im(Λ2)
(Q1)2
|Ψ11W |2 , (94)
while the oceanic dissipation rate is given by Eq. (86). As a consistency check, one can
verify that E˙O,wot + E˙C,wot is equal to the dissipation rate in the whole body (Eq. (82)).
If viscosity is low (Q1, Q2 ≫ 1), the ratio of crustal to oceanic dissipation, whatever the
ocean depth, is given by
E˙C
E˙O
∣∣∣∣
wot
≈ 5
qω
D
R
Im(Λ2)
Q1
. (95)
In the inviscid limit (Q1 →∞), crustal dissipation vanishes for the westward obliquity tide
because the radial tide tends to zero. This property is unique to the westward obliquity
tide. For other tidal waves, crustal dissipation does not vanish if the ocean is inviscid.
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6.3.2 Deep-ocean limit
Dynamical effects become negligible in the deep-ocean limit (Section 3.4). Crustal dis-
sipation should thus tend in that limit to the classical formula derived for static tides.
For simplicity, assume that the mantle is infinitely rigid (crust and ocean have the same
density as before). In that case, the radial (H2) and gravitational (K2) degree-two tidal
Love numbers of the whole body are simply related by K2 = (3ξ1/5)H2 (see Eq. (42) of
Beuthe [2015a]). If the mantle is infinitely rigid, the Love number H2 and the admittance
Z2 = 1/(1−ξ2+Λ2) are equal (see Eq. (19)). Putting these two relations together, I obtain
Im(K2) = −3
5
ξ1 |Z2|2 Im(Λ2) , (96)
which is a special case of Eq. (101) of Beuthe [2015a].
In the deep-ocean limit, the radial displacement tends to the equilibrium tide (Eq. (54))
except maybe for the westward obliquity tide (Eq. (59)). For eccentricity tides, the formula
for crustal dissipation (Eq. (78)) becomes
E˙rigidC ≈
3
2
ξ1
ΩR
G
Im(Λ2) |Z2|2 U sq2 , (97)
where U sq2 is equal to (ΩR)
4(21/5)e2 (see Eq. (9)). Combining Eqs. (96) and (97), one sees
that the crustal dissipation rate for eccentricity tides tends to
E˙rigidC ≈ −
21
2
(ΩR)5
G
e2 Im(K2) , (98)
which is the classical formula for dissipation due to eccentricity tides in the static limit
(e.g. Eq. (42) of Beuthe [2013]). This limit is illustrated in Fig. 13.
For obliquity tides, the deep-ocean limit is not necessarily the same for eastward and
westward tides (compare Eqs. (54) and (59)). Thus, the crustal dissipation rate for obliquity
tides tends to
E˙rigidC ≈ −
3
2
fQ
(ΩR)5
G
sin2 I Im(K2) , (99)
where
fQ =
1
2
(
1 +
1
1 + |ǫLQ1/(20β2)|2
)
. (100)
Eq. (99) differs by the factor 1/2 < fQ < 1 from the classical formula for dissipation due
to static obliquity tides (e.g. Eq. (42) of Beuthe [2013]). This limit is illustrated in Fig. 14.
6.3.3 Examples
In this section, I compute dissipation using two crude models of crustal rheology. More de-
tailed models are described byHussmann et al. [2002],Moore [2006], and Castillo-Rogez et al.
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Figure 13: Dissipation in the crust and ocean due to eccentricity tides: (A) conductive crust, (B)
convective crust. The contributions of crustal and oceanic dissipation to the surface energy flux
are shown as separate curves. In each panel, the horizontal dotted line shows the deep-ocean limit
for crustal dissipation (Eq. (98)), whereas the oblique dotted line shows the deep-ocean asymptotic
limit for oceanic dissipation (Eq. (84)). See Section 6.3.3 for details.
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Figure 14: Dissipation in the crust and ocean due to obliquity tides: (A) conductive crust, (B)
convective crust. The contributions of crustal and oceanic dissipation to the surface energy flux
are shown as separate curves. In each panel, the horizontal dotted lines show the lower (fQ = 1/2)
and upper (fQ = 1) bounds of the deep-ocean limit for crustal dissipation (Eq. (99)). The oblique
dotted lines show the shallow- and deep-ocean asymptotic limits for oceanic WOT dissipation
(Eqs. (87)-(88)). See Section 6.3.3 for details.
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[2011], among others. Any linear (or linearized) rheological law could do, but I have chosen
Maxwell rheology for its simplicity (see Appendix B). The crust is 25 km thick, as sug-
gested by libration data [Thomas et al., 2016]. Oceanic dissipation results from linear top
and bottom drag with low viscosity (Qn = 100 for all n).
In the first model, heat is transported through the crust by conduction. The tem-
perature varies linearly through the crust, from the surface temperature TS = 75K to
the melting temperature TM = 273K at the bottom (in a more accurate model, crustal
dissipation and sphericity would introduce nonlinear corrections). The viscosity of ice
is related to temperature by an Arrhenius relation, ζ(T ) = ζ0 exp(l(Tm/T − 1)), where
l ≈ 27 and ζ0 is the viscosity of ice at the melting point. The latter quantity depends
on the deformation mechanism and on the grain size. I assume here that ζ0 = ζc, where
ζc = µE/Ω = 6.6 × 1013 Pa.s is the Maxwell critical viscosity. Given the viscosity profile
and the elastic parameters of Table 2, I can compute the effective viscoelastic parameters
of the conductive model with the equations of Appendix B:
µ¯ = (3.44 + 0.13i)GPa ν¯ = 0.333 − 0.004i β2 = 24.59 + 0.84i . (101)
In the second model, the crust is divided into an upper conductive layer (10 km thick)
and a lower convective layer (15 km thick). The rheology of the conductive layer is described
as in the first model while the lower layer is uniformly at critical viscosity. As above, I can
compute the effective parameters of the convective model:
µ¯ = (2.43 + 1.10i)GPa ν¯ = 0.386 − 0.031i β2 = 18.15 + 7.61i . (102)
Comparing the values of β2 for the conductive and convective models, we expect the latter
to be more dissipative.
Fig. 13 shows dissipation in the crust and ocean, for eccentricity tides, as a function of
ocean depth. In both models, crustal dissipation dominates oceanic dissipation whatever
the ocean depth. This is not true of all models: oceanic dissipation could dominate crustal
dissipation at small ocean depth. If the ocean is deeper than 100m, crustal dissipation
tends to the constant value predicted for static tides (Eq. (98)), whereas oceanic dissipation
tends to the asymptotic limit given by Eq. (84). The viscoelastic crust damps the resonance
peaks: the effect is particularly visible in the more dissipative convective model.
Fig. 14 shows the same thing as Fig. 13 but for obliquity tides. The overall magnitude
is much smaller than for eccentricity tides because the obliquity is very small. In the first
model, oceanic dissipation is dominant for a wide range of ocean depths (50m < D <
20 km). If the ocean is deeper than 10 km, crustal dissipation tends to the constant value
predicted for static tides (Eq. (99) with fQ = 1), whereas oceanic dissipation tends to the
asymptotic limit given by Eq. (88). In an intermediate range (50m < D < 1 km), crustal
dissipation is close to the lower bound of Eq. (99) because the westward radial tide nearly
vanishes. In the same range, oceanic dissipation stays close to the shallow-ocean asymptotic
limit for WOT dissipation (Eq. (87)). As for eccentricity tides, the viscoelastic crust damps
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the resonance peaks, especially in the more dissipative convective model. By contrast, the
WOT peak (the peak in oceanic dissipation due to the westward obliquity tide) does not
differ much between the two models: its magnitude indeed depends on |β2|+ Im(Λ2) (see
Eq. (91)) which is nearly the same in the two models.
7 Summary
Global subsurface oceans transform icy moons into ‘membrane worlds’, for which the tidal
response mainly depends on the properties of the ice and water layer [Beuthe, 2015b]. Tidal
frequencies are so low that dynamical effects are completely negligible in the solid crust,
but ocean dynamics have a different nature. One often assumes, however, that the fluid
layer reacts to tidal forcing as if it were a solid layer with vanishing shear modulus. For
a thin fluid layer, this implies that the tidal flow has no toroidal component (zero vortic-
ity). Moreover, the flow does not dissipate energy. By contrast, a few studies concerned
with oceanic dissipation turned to the Laplace Tidal Equations (LTE) for more realistic
dynamics but crustal effects were ignored.
In this paper, I develop the first-ever model for dissipative tides in a subsurface ocean.
This requires only a slight modification of the LTE, with a new forcing term provided by
the membrane approach. Thus, the standard numerical and analytical methods for solving
LTE remain applicable. I have used here a semi-analytical method (i.e. matrix inversion
done numerically if the matrix is large). Nonlinear dissipation requires a numerical solution
on a grid [Sears , 1995; Chen et al., 2014], though the effective viscosity approach could also
be helpful (see Section 6.2.3). The LTE forcing term depends on the size and rheology of
the crust and mantle, but mantle deformations are negligible for Enceladus. The most
important crustal parameter is Λ2 ≈ 2µˆ(d/R), where µˆ = µ¯/(ρgR) is the effective shear
modulus of the viscoelastic crust and d/R is the relative crust thickness. Crustal effects are
generally substantial for Enceladus because µˆ ≈ 100≫ 1, in contrast with larger satellites
such as Europa or Titan.
If the crust is elastic, there is a simple scaling relation (Eq. (71) and Table 4) between
the surface and subsurface solutions, whether the resonances, the kinetic energy, or the
dissipation rate. This scaling rule depends on the membrane-bending spring constant
of the crust (Λ2) and on oceanic self-attraction (ξ2 = 3ρ/5ρb) through the factor β2 =
1 − ξ2 + Λ2 (mantle deformations are neglected here). In brief, the resonances and the
velocity potentials are given by the solutions for a surface ocean, shifted to smaller ocean
depths by the factor (1 − ξ2)/β2 (Fig. 9). Consequently, the energy spectrum and the
dissipation rate are doubly scaled: they are shifted to smaller ocean depths and reduced in
magnitude by the same factor (1− ξ2)/β2 (Figs. 10 and 12). For a deep ocean, this double
scaling is equivalent to a dependence in 1/|β2|2 of the dissipation rate (Eqs. (84)-(86)).
The scaling rule works particularly well for bodies (such as Enceladus) whose ocean-to-
bulk density ratio is close to 0.6.
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If the crust is viscoelastic, tidal resonances are damped (in addition to being damped
by ocean viscosity) and energy is dissipated in the crust. Resonances are shifted to smaller
ocean depths by the factor (1− ξ2)/Re(β2) (Eq. (83)). For a shallow ocean, the dissipation
rates in the crust and ocean exhibit the same resonances (Fig. 13). For a deep ocean,
crustal dissipation tends to a constant value (static tides) whereas oceanic dissipation tends
to zero. The westward obliquity tide is a special case, because there is no radial tide unless
the ocean is deep and the viscosity is high enough (Fig. 14). Therefore, crustal dissipation
due to dynamical obliquity tides can differ by up to a factor of two from the standard
prediction assuming static tides (Eq. (99)). The same effect could play an important role
for tectonics due to obliquity tides.
Crustal effects are thus severe for Enceladus’ dynamical tides. If the crust is 25 km thick,
resonances occur for an ocean less than 20m deep (Figs. 9 and 13), whereas the ocean depth
is probably two or three orders of magnitude larger at the present time. Therefore, oceanic
dissipation is nowadays negligible and crustal dissipation can be computed in the static
limit. As mentioned in Section 2, this conclusion can be avoided if the ocean is stratified,
but it is doubtful that density stratification can be maintained if tidal heating occurs at
the observed level. As regards obliquity tides, they exhibit interesting dynamical effects in
deep oceans, but are way too small to be relevant to Enceladus unless future observations
show that the obliquity is much larger than the theoretical upper bound for the Cassini
state [Baland et al., 2016]. In the past, tidal resonances could have played a role in a
forming or freezing ocean less than 100m deep. However, the displacement of resonances
to very shallow depths compounds problems that already existed for a shallow surface
ocean. First, the resonant response is blocked as soon as the deforming crust comes into
contact with the mantle (or as the water dries out somewhere in a surface ocean). Second,
the reliefs of the seafloor and ‘seaceiling’ are comparable to the ocean depth and certainly
alter the flow.
The LTE-membrane approach has been developed here with maximum generality, so
that it can easily be applied to other icy moons. Enceladus’ crust is actually at the limit of
validity of the membrane approach: five to ten percents of the surface radius, as indicated
by librations [Thomas et al., 2016; Van Hoolst et al., 2016]. As shown in Section 2.4.1,
crustal effects further increase when finite crust thickness is properly taken into account
(Figs. 1 and 2). However, no new physical effects are expected for ocean tides under a
thick crust. The big question mark is rather the shallow water assumption. Is it a good
approximation for subsurface oceans that are several tens (or even hundreds) of kilometers
deep and which probably undergo mixing due to turbulent convection? Tidal flows in thick
rotating shells exhibit complex features which are far from being understood. Ongoing
research focuses on planetary fluid cores (under a very thick rigid shell) and on gaseous
envelopes of giant planets and stars (with a free surface)[Ogilvie, 2014; Le Bars et al., 2015].
By contrast, large-scale dynamics of deep oceans under an elastic crust have received scant
attention.
I will end this paper on a historical note. Four years before Lewis [1971] predicted liquid
44
mantles in icy satellites, Syd Barrett sang of the underground icy waters of giant planets’
moons in Pink Floyd’s ‘Astronomy Domine’. We now have solid evidence that Europa,
Enceladus and Titan have subsurface oceans and we suspect the same for Ganymede,
Callisto, Dione, and maybe Mimas, but the moons of Uranus and Neptune are still shrouded
in mystery.
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Appendix A Spherical harmonics
The functions Y mn (θ, ϕ) are the spherical harmonics of degree n and order m [Arfken et al.,
2013]:
Y mn (θ, ϕ) = N
m
n P
m
n (cos θ) e
imϕ . (A.1)
The associated Legendre functions Pmn (cos θ) and the normalization factors N
m
n are real:
the only effect of complex conjugation on spherical harmonics (as in Eqs. (8) and (37)) is
to transform eimϕ into e−imϕ. Following Arfken et al. [2013] and several papers on ocean
tides [Tyler , 2011; Chen et al., 2014; Matsuyama, 2014], Pmn (cos θ) is defined with the
Condon-Shortley phase (−1)m, although this is not the usual practice in geophysics. In
any case this phase is irrelevant if eccentricity tides (m = 0, 2) and obliquity tides (m = 1)
are studied separately. The Legendre functions of degree two are particularly important
because they dominate the tidal potential and the tidal response:
(
P 02 , P
1
2 , P
2
2
)
(cos θ) =
(
1
2
(3 cos2 θ − 1),−3 sin θ cos θ, 3 sin2 θ
)
. (A.2)
If the spherical harmonics are normalized to one (
∫
S Y
m
n (Y
m′
n′ )
∗dS = δnn′δmm′), the nor-
malization factor reads
Nmn =
(
2n + 1
4π
(n−m)!
(n+m)!
)1/2
, (A.3)
otherwise Nmn = 1 if spherical harmonics are not normalized. Spherical harmonics are
eigenvectors of the spherical Laplacian ∆ with eigenvalues −n(n+1). The spherical Lapla-
cian is the restriction of the 3D Laplacian to the surface of a unit sphere:
∆ =
∂2
∂θ2
+ cot θ
∂
∂θ
+
1
sin2 θ
∂2
∂ϕ2
. (A.4)
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Appendix B Membrane and bending spring constants
The crust is modeled as a thin spherical shell of radius R, uniform thickness d and density
ρ, separated from the mantle by an ocean. Its viscoelastic shear modulus µV and Poisson’s
ratio νV do not vary laterally, but they depend on depth if the crust is viscoelastic. For
Maxwell rheology (Appendix C of Beuthe [2015a]), the viscoelastic parameters are given
by
(µV , νV ) =
(
µE
1− iδ ,
3 νE − i (1 + νE) δ
3− 2i (1 + νE) δ
)
, (B.1)
where µE and νE are the shear modulus and Poisson’s ratio of elastic ice, and δ = µE/(ωζ)
in which ζ is the crustal viscosity. The critical viscosity ζcrit = µE/ω corresponds to δ = 1.
If there is no tangential load, the membrane equation relating the deflection ηtop to the
normal load q (positive outward) reads
2µ¯ (1 + ν¯) d∆′ηtop = R2
(
∆′ − 1− ν¯) q , (B.2)
where ∆′ = ∆ + 2 in which ∆ is the spherical Laplacian (Eq. (A.4)). Eq. (B.2) can be
obtained by combining Eqs. (15) and (16) of Beuthe [2015a]. The eigenvalues of −∆′ are
denoted
xn = (n− 1)(n + 2) . (B.3)
The parameters µ¯ and ν¯ are the effective shear modulus and effective Poisson’s ratio of the
crust, respectively:
µ¯ =
1
d
∫
d
µV dr ,
ν¯ =
(∫
d
µV
1− νV dr
)−1 ∫
d
µV
1− νV νV dr . (B.4)
The membrane equation (B.2) can be solved in spherical harmonics (Eq. (27) of Beuthe
[2015a]). The load deforming the shell at harmonic degree n is proportional to the radial
displacement of the surface (Hooke’s law):
qn = ρgΛ
M
n η
top
n . (B.5)
The membrane spring constant ΛMn (nondimensional) characterizes crustal resistance to
extension:
ΛMn = 2xn
1 + ν¯
xn + 1 + ν¯
µ¯
ρgR
d
R
, (B.6)
where g is the surface gravity.
If the load is of short wavelength, bending moments become large so that the membrane
approximation breaks down. If the shell is homogeneous, the thin shell equation including
the membrane and bending responses is given by(
DV ∆∆
′ +R2EV d
)
∆′ηtop = R4
(
∆′ − 1− νV
)
q . (B.7)
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You can obtain this equation from Eq. (88) of Beuthe [2008] in which you set the tangential
load to zero (Ω = 0), take the thin shell limit (ζ = 1 where ζ has the meaning given in
Beuthe [2008]), and change the sign of the vertical load (positive outward instead of inward).
The parameters EV and DV are Young’s modulus and the bending rigidity, respectively:
(EV ,DV ) =
(
2(1 + νV )µV ,
µV d
3
6(1− νV )
)
. (B.8)
Solving Eq. (B.7) in the spherical harmonic domain yields a Hooke’s law similar to Eq. (B.5),
except that the membrane spring constant is replaced by the thin-shell spring constant
Λn = Λ
M
n + Λ
B
n . The bending spring constant Λ
B
n (nondimensional) characterizes crustal
resistance to bending:
ΛBn = (xn)
2 xn + 2
xn + 1 + νV
DV
ρgR4
. (B.9)
This formula is only valid for a homogeneous crust: the viscoelastic parameters (µV , νV )
must be uniform. It is possible to extend this formula to a viscoelastic crust with depth-
dependent rheology but this will not be necessary in this paper because bending effects are
negligible for tidal deformations.
Appendix C Tidal and load Love numbers
Love numbers are nondimensional numbers characterizing the viscoelastic-gravitational
response of a spherically symmetric body to some kind of forcing (indexed by J), the two
main types of which are tidal perturbations (J = T ) and surface mass loads (J = L) (see
for example Saito [1974]). The radial and gravitational Love numbers hJn and k
J
n relate
the forcing potential UJn to the radial displacement of the surface (η
top) and to the induced
gravitational potential at the surface UJn
′
, respectively:
(ηtop)n = h
J
n
UJn
g
, (C.1)
UJn
′
= kJn U
J
n . (C.2)
Whatever the type of forcing, it can always be expressed in the form of a gravitational
potential. For example, a mass load of surface density σn directly produces the gravitational
potential ULn [Kaula, 1968, Eq. (2.1.25)]:
ULn =
3
2n+ 1
gσn
ρb
. (C.3)
The mass load deforms the surface and this deformation generates in turn the induced
gravitational potential ULn
′
. The radial stress at the surface reads
(σrr)n = −gσn = −
2n+ 1
3
ρb U
L
n . (C.4)
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The standard formulation of the viscoelastic-gravitational problem involves six radial
functions yi for which I follow the conventions of Takeuchi and Saito [1972] (in particular,
y2 corresponds to the radial stress). If the forcing is tidal (T ) or due to a mass load (L),
the surface boundary conditions are [Saito, 1974]:
(
yT2 , y
T
4 , y
T
6
) ∣∣∣
r=R
=
(
0 , 0 ,
2n+ 1
R
)
, (C.5)
(
yL2 , y
L
4 , y
L
6
) ∣∣∣
r=R
=
(
−2n+ 1
3
ρb , 0 ,
2n+ 1
R
)
. (C.6)
The index n is omitted on the functions yJi so as to simplify the notation. The Love
numbers (hJn, k
J
n) are related to the surface values of (y
J
1 , y
J
5 ):
hJn = gy
J
1 (R) ,
kJn = y
J
5 (R)− 1 with J = (T,L) . (C.7)
Tidal and load Love numbers are related by the Saito-Molodensky relation [Molodenskiy ,
1977; Saito, 1978]:
kLn = k
T
n − hTn . (C.8)
The diminishing factors (or tilt factors) are combinations of Love numbers defined by
γJn = 1 + k
J
n − hJn with J = (T,L) . (C.9)
The Saito-Molodensky relation yields
kLn = γ
T
n − 1 . (C.10)
Appendix D Love numbers if uniform density
Additional relations exist between Love numbers if the body is incompressible and of
uniform density ρb. The gravitational perturbation is then proportional to r
n so that
(∂/∂r)yJ5 (r) = (n/r)y
J
5 (r). Substituting this constraint into the fifth elastic-gravitational
equation (Eq. (17) of Beuthe [2015b]) and applying the boundary condition yJ6 (R) = (2n+
1)/R with J = T or L, I get the well-known relation
kJn =
3
2n+ 1
hJn with J = (T,L) , (D.1)
which can be combined with the Saito-Molodensky relation to give
(
kLn , h
L
n
)
=
(
−2(n− 1)
2n+ 1
, −2(n − 1)
3
)
hTn . (D.2)
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Furthermore, one can write hTn as
hTn =
2n+ 1
2(n − 1)
1
1 + Sn µˆm
, (D.3)
where µˆm is the nondimensional shear modulus of the uppermost layer of the mantle:
µˆm = µm/(ρbgR). Sn is a nondimensional factor. If the body is made of discrete layers, Sn
depends on the ratios of radii and shear moduli between successive layers (Appendix F of
Beuthe [2013]). If the body is homogeneous, the condition of zero surface stress (yT2 (R) =
yT4 (R) = 0) yields
Sn =
2n2 + 4n+ 3
n
. (D.4)
Eqs. (D.1)-(D.4) are equivalent to Eqs. (5.7.1) and (5.8.3) of Munk and MacDonald [1960].
If there is either a liquid core or an infinitely rigid core of radius RC , Sn depends on (n, x),
with x = RC/R (see Appendix G of Beuthe [2013] for the case n = 2).
Appendix E Pressure Love numbers
Suppose that the body is submitted to a surface pressure qn (positive downwards) instead
of a mass load [Molodenskiy , 1977; Guo et al., 2004]. Though this type of forcing does
not directly produces a gravitational potential, it is convenient to associate a fictitious
potential with the pressure, in analogy with Eq. (C.3):
UPn =
3
2n+ 1
qn
ρb
. (E.1)
Pressure (also called pressure-load) Love numbers (kPn , h
P
n ) are defined by Eqs. (C.1)-(C.2)
with J = P . The radial stress at the surface reads
(σrr)n = −qn = −
2n+ 1
3
ρb U
P
n . (E.2)
The fact that the pressure forcing is potential-free, however, implies two differences
with respect to tidal and load Love numbers. First, the boundary conditions on (y2, y4)
are the same as for mass loading (Eq. (C.6)), but y6(R) vanishes:
(
yP2 , y
P
4 , y
P
6
) ∣∣∣
r=R
=
(
−2n+ 1
3
ρb , 0 , 0
)
. (E.3)
Second, the Love number hPn is related to y
P
1 as in Eq. (C.7), but the definition of k
P
n differs
from Eq. (C.7) because yP5 is only due to the induced gravitational potential Φn:
kPn = y
P
5 (R) . (E.4)
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As the viscoelastic-gravitational problem is linear, it is always possible to superpose two
solutions A and B into a new one satisfying a superposition of the boundary conditions
for A and B. By comparing the T , L, and P boundary conditions (Eqs. (C.5), (C.6), and
(E.3)), one sees that the pressure Love numbers are linear combinations of tidal and load
Love numbers,
hPn = h
L
n − hTn ,
kPn = k
L
n − kTn = −hTn , (E.5)
where the last equality results from the Saito-Molodensky relation (Eq. (C.8)).
Appendix F Equilibrium tide for a 3-layer model
Let us compute the degree-two equilibrium tide for a model made of three viscoelastic
layers: mantle (not distinguished from the core), ocean and crust. The crust is thin and
has the same density ρ as the upper layer of the ocean. With these assumptions, the static
tidal Love numbers read [Beuthe, 2015a]
kT2 + 1 =
k◦2 + 1
1 + ξ2 (k◦2 + 1)
Λ2
1+Λ2
,
hT2 =
h◦2
1 + (1 + ξ2 h◦2)Λ2
, (F.1)
where ξ2 and Λ2 are defined by Eqs. (11) and (16), respectively. The fluid-crust radial Love
number h◦2 = k
◦
2 + 1 depends on the deep interior structure (the ocean and below). If the
ocean is homogeneous and the mantle is infinitely rigid, h◦2 = 1/(1 − ξ2) so that
hT2,rigid =
1
1− ξ2 + Λ2 . (F.2)
Eq. (F.1) is identical to Eqs. (57)-(58) of Beuthe [2015a], except that Λ2 includes here
a contribution due to bending (which was not considered in Beuthe [2015a] because it is
negligible at degree two).
The displacement of the mantle-ocean boundary can be quantified by an internal Love
number,
hm2 = gy1(Rm)
=
kT2 + 1
k◦2 + 1
h◦m2 , (F.3)
where h◦m2 = gy
◦
1(Rm) is the corresponding fluid-crust tidal Love number. The second line
is obtained by gravity scaling (Eqs. (141)-(142) of Beuthe [2015a]).
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Suppose now that the ocean is homogeneous and the core-mantle system below the
ocean is approximated by a homogeneous and incompressible sphere with density ρb and
shear modulus µm. The fluid-crust tidal Love numbers of this model are given by Eqs. (118)-
(121) of Beuthe [2015a]. In the limit of a thin crust and shallow ocean (i.e. the mantle
radius tends to the surface radius), these equations become
h◦2 = 5
5 (1− ξ1) + 19 µˆm
10 (1− ξ1) + 19 (5− 3ξ1) µˆm ,
h◦m2 =
5 (1− ξ1)
5 (1− ξ1) + 19 µˆm h
◦
2 , (F.4)
where ξ1 = ρ/ρb and µˆm = µm/(ρbgR). Substituting these expressions into Eqs. (F.1) and
(F.3), I obtain the dependence of the degree-two equilibrium ocean tide on the interior
structure (see Eq. (30)):
Z2 = h
T
2 − hm2
=
57µˆm + 5 (5ξ2 − 3) Λ2
2 (3− 5ξ2) + 57 (1− ξ2 + Λ2) µˆm + (6 + 5ξ2 (1− 5ξ2))Λ2 . (F.5)
Appendix G Mantle dissipation
In the non-rotating model, the dissipation rate within the body can be expressed in terms
of the radial deformation functions (y1, y3, y4) [Beuthe, 2013]. For dynamical tides, the
yi formalism is still valid in the mantle as long as its unperturbed state is spherically
symmetric. One can thus solve for the deformation functions within the mantle given the
correct boundary conditions at the top of the mantle.
At the mantle-ocean boundary, the radial displacement must be equal to ηbot (Eq. (25))
and the shear stress vanishes (free-slip condition). If the mantle is of uniform density, these
conditions are sufficient to determine (y1, y3, y4) because deformations can be solved inde-
pendently of the gravitational potential (see Appendix F of Beuthe [2013]). For simplicity,
assume that the mantle is incompressible so that analytical propagator matrix method is
applicable.
In order to use the yi formalism, I write Eq. (25) in terms of a fictitious potential U
M
n ,
ηbotn =
hTn
g
UMn , (G.1)
where UMn = U
T
n + (h
L
n U
L
n + h
P
n U
P
n )/h
T
n . From Eqs. (D.2) and (E.5), one sees that U
M
n
does not depend on the internal structure of the mantle (i.e. on Snµˆm) so that it makes
sense to consider UMn as an external potential. Supposing that U
M
n is known, I write the
boundary conditions as
(y1(R), y4(R)) =
(
hTn/g, 0
)
, (G.2)
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where the functions yi do not carry superscripts because they correspond to a superposition
of tidal, mass load, and pressure problems. The boundary conditions on y2 and y6 are not
the same as Eq. (C.5) but they are not needed here.
The straightforward (and laborious) way to solve the problem consists in:
1. finding the deformation functions (y1, y3, y4) at degree n (Eqs. (99) and (107) of
Beuthe [2013] extended to n 6= 2),
2. computing the radial weights (fA, fB , fC) at degree n (Eq. (24) of Beuthe [2013]
extended to n 6= 2),
3. computing I = ∫ R0 Im(µ)Hµ dr where Hµ = fA + fB + fC ,
4. computing the global dissipation rate in the mantle as E˙M =
∑
n 2πΩ I UM,sqn (Eqs. (39)
and (41) of Beuthe [2013]), where UM,sqn refers to the spatial average of the squared
norm of UMn (Eq. (9)),
5. replacing (hTn/g)U
M
n by η
bot
n .
As a shortcut to steps 1-2-3 , I apply the fundamental micro-macro relation (Eq. (40) of
Beuthe [2013] extended to n 6= 2):∫ R
0
Im(µ)Hµ dr = −
(2n+ 1)R
4πG
Im(kTn ) . (G.3)
Substituting Eqs. (D.1) and (D.3) into this equation, I directly obtain the quantity required
in step 4:
I = 2(n− 1)
2n+ 1
RIm(µm Sn)
|hTn |2
g2
, (G.4)
where Sn is given by Eq. (D.4). Finally, steps 4 and 5 yield the global dissipation rate for
an incompressible mantle of uniform density:
E˙M = ΩR
2∑
m=0
(1 + δm0)
N∑
n=m
n− 1
2n+ 1
Im (µm Sn)
∑
X=E,W
∣∣∣(ηbot)mnX ∣∣∣2 . (G.5)
Appendix H Whole body dissipation
Let us transform the general formula for the whole body dissipation rate (Eq. (80)) in order
to express it as a function of the ocean tide. First, I evaluate the dissipation rate in terms
of spherical harmonic coefficients:
E˙ =
Ω
2
5R
4πG
2∑
m=0
(1 + δm0)
∑
X=E,W
Im (Um2X Γ
m
2X
∗) . (H.1)
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Using Eq. (21), I can write the last factor of this equation as
Im (Um2X Γ
m
2X
∗) = −Im (kT2 ) |Um2X |2 + gξ2 Im ((γT2 ηm2X − hT2 Λ2 (ηtop)m2X)Um2X∗) , (H.2)
where I used relations between Love numbers (Eqs. (C.10) and (E.5)).
Finally, I express ηtop in terms of η with Eq. (24), before expressing η in terms of the
velocity potential Φ with Eq. (39). The result can be written as the sum of three terms:
E˙ = E˙1 + E˙2 + E˙3 , (H.3)
where
E˙1 = −5ΩR
2G
U sq2 Im(k
T
2 ) ,
E˙2 =
5ΩR
2G
U sq2 Im
(
ξ2 (h
T
2 )
2Λ2
1 + ξ2
(
hT2 − hL2
)
Λ2
)
,
E˙3 = −3ρD
2∑
m=0
(1 + δm0)
∑
X=E,W
Im (υ2 Φ
m
2X U
m
2X
∗) . (H.4)
In the first two equations, U sq2 is given by Eq. (9): U
sq
2 = (ΩR)
4(21/5)e2 for eccentricity
tides whereas U sq2 = (ΩR)
4(3/5) sin2 I for obliquity tides.
In general, the terms E˙j cannot be identified with the dissipation rate of a specific
layer (mantle, crust, or ocean). For example, E˙1 (called ‘body tide’ in Zschau [1978] and
Platzman [1984]) is the dissipation rate of the body without a crust and an ocean, but this
quantity is not observable. The terms E˙j vanish under the following conditions:
1. E˙1 = 0 if the mantle is elastic (Im(k
T
2 ) = 0) or rigid (k
T
2 = 0).
2. E˙2 = 0 either if the mantle and the crust are both elastic (Im(h
T
2 ) = Im(h
L
2 ) =
Im(Λ2) = 0), or if the mantle is rigid (h
T
2 = 0) and the crust is viscoelastic.
3. E˙3 = 0 if the mantle and the crust are both elastic (Im(υ2) = 0) and the fluid is
inviscid (Im(Φm2X) = 0).
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